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Planning = investment + operation  

► Investment problem – Determine the reinforcements 

(generation capacity and transmission) required for an 

economic and reliable supply of predicted load

⇓
► System operation (generation scheduling) - Optimize the 

use of existing resources (hydro, natural gas, renewables etc.)
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Benders decomposition for capacity planning
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𝑀𝑀𝑀𝑀𝑀𝑀 ∑𝑡𝑡 ∑𝑖𝑖 𝐼𝐼𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝐼𝐼𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗 + ∑𝑘𝑘 𝐼𝐼𝑘𝑘𝑥𝑥𝑡𝑡,𝑘𝑘 + 𝛼𝛼

s/t 𝑥𝑥𝑡𝑡,𝑖𝑖 ≥ 𝑥𝑥𝑡𝑡−1,𝑖𝑖 ,∀𝑡𝑡, 𝑀𝑀

𝑥𝑥𝑡𝑡,𝑗𝑗 ≥ 𝑥𝑥𝑡𝑡−1,𝑗𝑗 ,∀𝑡𝑡, 𝑗𝑗

𝑥𝑥𝑡𝑡,𝑘𝑘 ≥ 𝑥𝑥𝑡𝑡−1,𝑘𝑘 ,∀𝑡𝑡, 𝑘𝑘

𝛼𝛼 ≥ �𝛼𝛼𝑚𝑚 + ∑𝑡𝑡 ∑𝑖𝑖 �̅�𝜇𝑡𝑡,𝑖𝑖
𝑚𝑚 𝑥𝑥𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡,𝑖𝑖

𝑚𝑚 + ∑𝑗𝑗 �̅�𝜇𝑡𝑡,𝑗𝑗
𝑚𝑚 𝑥𝑥𝑡𝑡,𝑗𝑗 − 𝑥𝑥𝑡𝑡,𝑗𝑗

𝑚𝑚 + ∑𝑘𝑘 �̅�𝜇𝑡𝑡,𝑘𝑘
𝑚𝑚 𝑥𝑥𝑡𝑡,𝑘𝑘 − 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑚𝑚 ,∀𝑚𝑚
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Benders decomposition:  scheduling problem
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Operating decision under uncertainty

ConsequencesFuture inflowDecisionProblem

Which plant 
to use?

Do not use 
hydro 

storage

wet Spillage

dry Ok

Use
hydro 

storage

wet Ok

dry Shortage
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Stochastic optimization model

Solution algorithm: stochastic dual dynamic programming (SDDP)

 Avoids “curse of dimensionality” of traditional SDP ⇒ handles large systems

 Suitable for distributed processing

Stochastic parameters

 Hydro inflows and renewable generation (wind, solar, biomass etc.)
 Multivariate stochastic model (PAR(p))

 Inflows: macroclimatic events (El Niño), snowmelt and others

 Spatial correlation of wind, solar and hydro

 External renewable models can be used to produce scenarios

 Uncertainty on fuel costs
 Markov chains (hybrid SDDP/SDP model)

 Wholesale energy market prices
 Markov chains

 Load variability and equipment outages
 Monte Carlo sampling
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SDDP characteristics

Iterative procedure 

1. forward simulation: finds new states and provides upper bound

2. backward recursion: updates FCFs and provides lower bound

3. convergence check (LB in UP confidence interval)

Distributed processing

 The one-stage subproblems in both forward and backward steps 
can be solved simultaneously, which allows the application of 
distributed processing

 SDDP has been running on computer networks since 2001; from 
2006, in a cloud system with AWS
 We currently have 500 virtual servers with 16 CPUs and 900 GPUs each
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SDDP: distributed processing of forward step

t = 1 t = 2 t = 3 t = T-1 t = T
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SDDP: distributed processing of backward step

t = 1 t = 2 t = 3 t = T-1 t = T

Vi,T

$

Vi,T

$
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$
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$
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𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠 = 𝑀𝑀𝑀𝑀𝑀𝑀 ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ,𝑠𝑠

𝑣𝑣𝑡𝑡+1,𝑖𝑖 ≤ �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚+1, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣,𝑠𝑠

𝑢𝑢𝑡𝑡,𝑖𝑖 ≤ �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚+1, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑢𝑢,𝑠𝑠

𝑔𝑔𝑡𝑡,𝑗𝑗 ≤ �̅�𝑔𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗
𝑚𝑚+1, ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑔𝑔,𝑠𝑠

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 = 𝑑𝑑𝑡𝑡 − ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑚𝑚+1 𝜋𝜋𝑡𝑡
𝑑𝑑,𝑠𝑠

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 , ∀𝑙𝑙, 𝑝𝑝

�̅�𝜇𝑡𝑡,𝑖𝑖
𝑚𝑚+1 = 𝔼𝔼 �̅�𝑣𝑖𝑖𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣,𝑠𝑠 + �𝑢𝑢𝑖𝑖𝜋𝜋𝑡𝑡,𝑖𝑖
𝑢𝑢,𝑠𝑠

�̅�𝜇𝑡𝑡,𝑗𝑗
𝑚𝑚+1 = 𝔼𝔼 �̅�𝑔𝑗𝑗𝜋𝜋𝑡𝑡,𝑗𝑗

𝑔𝑔,𝑠𝑠

�̅�𝜇𝑡𝑡,𝑘𝑘
𝑚𝑚+1 = 𝔼𝔼 𝑟𝑟𝑡𝑡,𝑘𝑘

𝑠𝑠 𝜋𝜋𝑡𝑡
𝑑𝑑,𝑠𝑠



Expansion strategy

► Expansion plans (construction schedule determined by the investment 
module) do not capture well an important attribute for the evaluation of 
generation technologies: construction time 
 Hydro: 6+ years; thermal (gas): 4+ years; renewables: 1-2 years

► The ability to adjust construction of new generation to evolving conditions 
is especially relevant for developing economies
 High, but very uncertain, load growth

 In some countries, hydro storage is an important factor for reinforcements (e.g. 
recent three-year drought in Brazil)

 Uncertainty on fuel costs also favors renewables

⇒ In this work, we extend SDDP to determine a capacity expansion strategy, 
where investment decisions (w/ time construction lags) in each stage 
depend on the system state
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Modeling expansion plans

t = 1 t = 2 t = 3 … t = T

s = 1

s = 2

s = 3

...

s = S

𝒙𝒙𝒕𝒕∗

v

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟏𝟏

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟐𝟐

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟑𝟑

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝑺𝑺

Investment decisions are the same
for all operating scenarios
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Modeling expansion strategies

t = 1 t = 2 t = 3 … t = T

s = 1

s = 2

s = 3

...

s = S

𝒙𝒙𝒕𝒕∗𝒔𝒔=𝟏𝟏

v

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟏𝟏

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟐𝟐

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝟑𝟑

𝒗𝒗𝒕𝒕+𝟏𝟏∗𝒔𝒔=𝑺𝑺

𝒙𝒙𝒕𝒕∗𝒔𝒔=𝟐𝟐

𝒙𝒙𝒕𝒕∗𝒔𝒔=𝟑𝟑

𝒙𝒙𝒕𝒕∗𝒔𝒔=𝑺𝑺

𝒙𝒙𝒕𝒕∗𝒔𝒔
Investment decisions can be adapted

to the operating scenarios
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Operation strategy – stage t

𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠 = 𝑀𝑀𝑀𝑀𝑀𝑀 ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ

𝑣𝑣𝑡𝑡+1,𝑖𝑖 ≤ �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 ≤ �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 ≤ �̅�𝑔𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗
𝑚𝑚 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗

𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 = 𝑑𝑑𝑡𝑡 − ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑚𝑚 𝜋𝜋𝑡𝑡𝑑𝑑

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 , ∀𝑙𝑙, 𝑝𝑝



Operation strategy – stage t

𝛼𝛼𝑡𝑡 𝒗𝒗𝒕𝒕𝒔𝒔 = 𝑀𝑀𝑀𝑀𝑀𝑀 ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝒗𝒗𝒕𝒕,𝒊𝒊𝒔𝒔 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝝅𝝅𝒕𝒕,𝒊𝒊𝒉𝒉

𝑣𝑣𝑡𝑡+1,𝑖𝑖 ≤ �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 ≤ �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖
𝑚𝑚, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 ≤ �̅�𝑔𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗
𝑚𝑚 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗

𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 = 𝑑𝑑𝑡𝑡 − ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑚𝑚 𝜋𝜋𝑡𝑡𝑑𝑑

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 , ∀𝑙𝑙, 𝑝𝑝

𝛼𝛼𝑡𝑡𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡∗ + ∑𝑖𝑖 𝝅𝝅𝒕𝒕,𝒊𝒊
𝒉𝒉,𝒑𝒑 𝑣𝑣𝑡𝑡,𝑖𝑖 − 𝒗𝒗𝒕𝒕,𝒊𝒊𝒔𝒔

Benders cut
for stage t–1 



Expansion strategy – stage t

𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠, 𝑥𝑥𝑡𝑡−1𝑠𝑠 = 𝑀𝑀𝑀𝑀𝑀𝑀∑𝑖𝑖 𝐼𝐼𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝐼𝐼𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗 + ∑𝑘𝑘 𝐼𝐼𝑘𝑘𝑥𝑥𝑡𝑡,𝑘𝑘 + ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ

𝑣𝑣𝑡𝑡+1,𝑖𝑖 − �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 ≤0, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖
𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 − �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 ≤0, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖
𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 − �̅�𝑔𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗 ≤0, ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗
𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 + ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘 = 𝑑𝑑𝑡𝑡 𝜋𝜋𝑡𝑡𝑑𝑑

𝑟𝑟𝑡𝑡,𝑘𝑘 − 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝑥𝑥𝑡𝑡,𝑘𝑘 ≤ 0, ∀𝑘𝑘 𝜋𝜋𝑡𝑡,𝑘𝑘

𝑟𝑟

𝑥𝑥𝑡𝑡,𝑖𝑖 ≥ 𝑥𝑥𝑡𝑡−1,𝑖𝑖
𝑠𝑠 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑥𝑥

𝑥𝑥𝑡𝑡,𝑗𝑗 ≥ 𝑥𝑥𝑡𝑡−1,𝑗𝑗
𝑠𝑠 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗

𝑥𝑥

𝑥𝑥𝑡𝑡,𝑘𝑘 ≥ 𝑥𝑥𝑡𝑡−1,𝑘𝑘
𝑠𝑠 , ∀𝑘𝑘 𝜋𝜋𝑡𝑡,𝑘𝑘

𝑥𝑥

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡,𝑖𝑖

𝑠𝑠 + ∑𝑗𝑗 𝜋𝜋𝑡𝑡+1,𝑗𝑗
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑗𝑗 − 𝑥𝑥𝑡𝑡,𝑗𝑗

𝑠𝑠 + ∑𝑘𝑘 𝜋𝜋𝑡𝑡+1,𝑘𝑘
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑘𝑘 − 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑠𝑠 ,∀𝑝𝑝



Expansion strategy – stage t

𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠,𝒙𝒙𝒕𝒕−𝟏𝟏𝒔𝒔 = 𝑀𝑀𝑀𝑀𝑀𝑀∑𝑖𝑖 𝐼𝐼𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝐼𝐼𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗 + ∑𝑘𝑘 𝐼𝐼𝑘𝑘𝑥𝑥𝑡𝑡,𝑘𝑘 + ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ

𝑣𝑣𝑡𝑡+1,𝑖𝑖 − �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 ≤0, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖
𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 − �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 ≤0, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖
𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 − �̅�𝑔𝑗𝑗𝑥𝑥𝑡𝑡,𝑗𝑗 ≤0, ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗
𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 + ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘 = 𝑑𝑑𝑡𝑡 𝜋𝜋𝑡𝑡𝑑𝑑

𝑟𝑟𝑡𝑡,𝑘𝑘 − 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝑥𝑥𝑡𝑡,𝑘𝑘 ≤ 0, ∀𝑘𝑘 𝜋𝜋𝑡𝑡,𝑘𝑘

𝑟𝑟

𝑥𝑥𝑡𝑡,𝑖𝑖 ≥ 𝒙𝒙𝒕𝒕−𝟏𝟏,𝒊𝒊
𝒔𝒔 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑥𝑥

𝑥𝑥𝑡𝑡,𝑗𝑗 ≥ 𝒙𝒙𝒕𝒕−𝟏𝟏,𝒋𝒋
𝒔𝒔 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗

𝑥𝑥

𝑥𝑥𝑡𝑡,𝑘𝑘 ≥ 𝒙𝒙𝒕𝒕−𝟏𝟏,𝒌𝒌
𝒔𝒔 , ∀𝑘𝑘 𝜋𝜋𝑡𝑡,𝑘𝑘

𝑥𝑥

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡,𝑖𝑖

𝑠𝑠 + ∑𝑗𝑗 𝜋𝜋𝑡𝑡+1,𝑗𝑗
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑗𝑗 − 𝑥𝑥𝑡𝑡,𝑗𝑗

𝑠𝑠 + ∑𝑘𝑘 𝜋𝜋𝑡𝑡+1,𝑘𝑘
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑘𝑘 − 𝑥𝑥𝑡𝑡,𝑘𝑘

𝑠𝑠 ,∀𝑝𝑝



Expansion strategy – stage t

Benders cut for stage t–1

𝛼𝛼𝑡𝑡𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡,𝑖𝑖 − 𝑣𝑣𝑡𝑡,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜋𝜋𝑡𝑡,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡−1,𝑖𝑖 − 𝑥𝑥𝑡𝑡−1,𝑖𝑖

𝑠𝑠 + ∑𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡−1,𝑗𝑗 − 𝑥𝑥𝑡𝑡−1,𝑗𝑗

𝑠𝑠 + ∑𝑘𝑘 𝜋𝜋𝑡𝑡,𝑘𝑘
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡−1,𝑘𝑘 − 𝑥𝑥𝑡𝑡−1,𝑘𝑘

𝑠𝑠



Expansion strategy – construction time

𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠, 𝑥𝑥𝑡𝑡−1𝑠𝑠 , 𝑥𝑥𝑡𝑡−2𝑠𝑠 , 𝑥𝑥𝑡𝑡−3𝑠𝑠 = 𝑀𝑀𝑀𝑀𝑀𝑀∑𝑖𝑖 𝐼𝐼𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ

𝑣𝑣𝑡𝑡+1,𝑖𝑖 ≤ �̅�𝑣𝑖𝑖𝑥𝑥𝑡𝑡−3,𝑖𝑖
𝑠𝑠 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 ≤ �𝑢𝑢𝑖𝑖𝑥𝑥𝑡𝑡−3,𝑖𝑖
𝑠𝑠 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 ≤ �̅�𝑔𝑗𝑗, ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗
𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 = 𝑑𝑑𝑡𝑡 − ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝜋𝜋𝑡𝑡𝑑𝑑

𝑥𝑥𝑡𝑡,𝑖𝑖 ≥ 𝑥𝑥𝑡𝑡−1,𝑖𝑖
𝑠𝑠 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑥𝑥

𝑦𝑦𝑡𝑡−1,𝑖𝑖 = 𝑥𝑥𝑡𝑡−1,𝑖𝑖
𝑠𝑠 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡−1,𝑖𝑖

𝑦𝑦

𝑦𝑦𝑡𝑡−2,𝑖𝑖 = 𝑥𝑥𝑡𝑡−2,𝑖𝑖
𝑠𝑠 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡−2,𝑖𝑖

𝑦𝑦

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜑𝜑𝑡𝑡,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−1,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−1,𝑖𝑖 − 𝑥𝑥𝑡𝑡−1,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−2,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−2,𝑖𝑖 − 𝑥𝑥𝑡𝑡−2,𝑖𝑖

𝑠𝑠 ,∀𝑝𝑝



Expansion strategy – construction time

𝛼𝛼𝑡𝑡 𝑣𝑣𝑡𝑡𝑠𝑠,𝒙𝒙𝒕𝒕−𝟏𝟏𝒔𝒔 ,𝒙𝒙𝒕𝒕−𝟐𝟐𝒔𝒔 ,𝒙𝒙𝒕𝒕−𝟑𝟑𝒔𝒔 = 𝑀𝑀𝑀𝑀𝑀𝑀∑𝑖𝑖 𝐼𝐼𝑖𝑖𝑥𝑥𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑐𝑐𝑗𝑗𝑔𝑔𝑡𝑡,𝑗𝑗 + 1
𝐿𝐿
∑𝑙𝑙 𝛼𝛼𝑡𝑡+1𝑙𝑙

s/t 𝑣𝑣𝑡𝑡+1,𝑖𝑖 = 𝑣𝑣𝑡𝑡,𝑖𝑖
𝑠𝑠 + 𝑎𝑎𝑡𝑡,𝑖𝑖 − 𝑢𝑢𝑡𝑡,𝑖𝑖, ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

ℎ

𝑣𝑣𝑡𝑡+1,𝑖𝑖 ≤ �̅�𝑣𝑖𝑖𝒙𝒙𝒕𝒕−𝟑𝟑,𝒊𝒊
𝒔𝒔 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣

𝑢𝑢𝑡𝑡,𝑖𝑖 ≤ �𝑢𝑢𝑖𝑖𝒙𝒙𝒕𝒕−𝟑𝟑,𝒊𝒊
𝒔𝒔 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑢𝑢

𝑔𝑔𝑡𝑡,𝑗𝑗 ≤ �̅�𝑔𝑗𝑗, ∀𝑗𝑗 𝜋𝜋𝑡𝑡,𝑗𝑗
𝑔𝑔

∑𝑖𝑖 𝜌𝜌𝑖𝑖𝑢𝑢𝑡𝑡,𝑖𝑖 + ∑𝑗𝑗 𝑔𝑔𝑡𝑡,𝑗𝑗 = 𝑑𝑑𝑡𝑡 − ∑𝑘𝑘 𝑟𝑟𝑡𝑡,𝑘𝑘
𝑠𝑠 𝜋𝜋𝑡𝑡𝑑𝑑

𝑥𝑥𝑡𝑡,𝑖𝑖 ≥ 𝒙𝒙𝒕𝒕−𝟏𝟏,𝒊𝒊
𝒔𝒔 , ∀𝑀𝑀 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑥𝑥

𝑦𝑦𝑡𝑡−1,𝑖𝑖 = 𝒙𝒙𝒕𝒕−𝟏𝟏,𝒊𝒊
𝒔𝒔 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡−1,𝑖𝑖

𝑦𝑦

𝑦𝑦𝑡𝑡−2,𝑖𝑖 = 𝒙𝒙𝒕𝒕−𝟐𝟐,𝒊𝒊
𝒔𝒔 , ∀𝑗𝑗 𝜋𝜋𝑡𝑡−2,𝑖𝑖

𝑦𝑦

𝛼𝛼𝑡𝑡+1𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡+1∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡+1,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡+1,𝑖𝑖 − 𝑣𝑣𝑡𝑡+1,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜑𝜑𝑡𝑡,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−1,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−1,𝑖𝑖 − 𝑥𝑥𝑡𝑡−1,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−2,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−2,𝑖𝑖 − 𝑥𝑥𝑡𝑡−2,𝑖𝑖

𝑠𝑠 ,∀𝑝𝑝



Expansion strategy – construction time

Benders cut for stage t–1

𝛼𝛼𝑡𝑡𝑙𝑙 ≥ 𝛼𝛼𝑡𝑡∗ + ∑𝑖𝑖 𝜋𝜋𝑡𝑡,𝑖𝑖
ℎ,𝑝𝑝 𝑣𝑣𝑡𝑡,𝑖𝑖 − 𝑣𝑣𝑡𝑡,𝑖𝑖

𝑠𝑠 +

∑𝑖𝑖 𝜑𝜑𝑡𝑡−1,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑥𝑥𝑡𝑡−1,𝑖𝑖 − 𝑥𝑥𝑡𝑡−1,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−2,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−2,𝑖𝑖 − 𝑥𝑥𝑡𝑡−2,𝑖𝑖

𝑠𝑠 + 𝜑𝜑𝑡𝑡−3,𝑖𝑖
𝑥𝑥,𝑝𝑝 𝑦𝑦𝑡𝑡−3,𝑖𝑖 − 𝑥𝑥𝑡𝑡−3,𝑖𝑖

𝑠𝑠

Where
𝜑𝜑𝑡𝑡−1,𝑖𝑖
𝑥𝑥,𝑝𝑝 = 𝜋𝜋𝑡𝑡,𝑖𝑖

𝑥𝑥 + 𝜋𝜋𝑡𝑡−1,𝑖𝑖
𝑦𝑦

𝜑𝜑𝑡𝑡−2,𝑖𝑖
𝑥𝑥,𝑝𝑝 = 𝜋𝜋𝑡𝑡−2,𝑖𝑖

𝑦𝑦

𝜑𝜑𝑡𝑡−3,𝑖𝑖
𝑥𝑥,𝑝𝑝 = �̅�𝑣𝑖𝑖𝜋𝜋𝑡𝑡,𝑖𝑖

𝑣𝑣 + �𝑢𝑢𝑖𝑖𝜋𝜋𝑡𝑡,𝑖𝑖
𝑢𝑢



Expansion strategy – integer decision

► Continuous expansion decision is usually reasonable for 

smaller plants such as wind, biomass and solar

► Binary variables are almost always necessary for large hydro 

and thermal plants, which cannot be scaled continuously

► However, SDDP algorithm requires convexity in the multistage 

recursion. What are the alternatives?
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Expansion strategy – integer decision

► Relaxation scheme applied to each stage and scenario of 
backward recursion to produce convex Benders cuts
 Linear relaxation

 [Thome et al. 2013] Customized Lagrangian relaxation scheme

 [Zou et al. 2016] Interesting results for purely binary multistage
problems

► Hybrid plan/strategy 
 The longer the project construction time (e.g. hydro), the less the 

current system state affects the project results when it starts operation

 As a consequence, PLAN decisions = STRATEGY decisions, so
integer decisions can be made in the first stage problem
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Case study: plan x strategy

► System: Costa Rica

► Horizon: 2016 – 2025

► Annual investment decisions

 Hydro: large construction time & integer decision

 Renewables: short construction time & continuous decision

► Operation model

 Monthly operation decisions

 SDDP parameters: 100 forward scenarios, 30 backward openings
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Total expected cost (investment + operation)
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Operation cost
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Investment vs. Stored energy (2017)
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Investment vs. Stored energy (2020)

0

100

200

300

400

500

300 400 500 600 700 800 900 1000 1100

In
ve

st
ed

 re
ne

w
ab

le
 c

ap
ac

ity
 [M

W
]

Stored energy [GWh]

30



Conclusions

► Uncertainties play a very important role in the decision making 

process of the power system expansion

► As in the operation problem, it is possible to formulate an 

expansion strategy, where investment decisions take into 

account the system conditions
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