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Abstract--This work presents a methodology for forward
electricity contract price projection based on market equilibrium
and social welfare optimization. In the methodology supply and
demand for forward contracts are produced in such a way that
each agent (generator/load/trader) optimizes a risk adjusted
expected value of its revenue/cost. When uncertainties are
represented by a discrete number of scenarios, a key result in the
paper is that contract price corresponds to the dual variable of
the equilibrium constraints in the linear programming problem
associated to the optimization of total agents” welfare. Besides
computing an equilibrium contract price for a given year, the
methodology can also be used to compute the evolution of the
probability distribution associated to a contract price with a
future delivery period; this an import issue in quantifying
forward contract risks. Examples of the methodology application
are presented and discussed.

Index Terms—Electricity spot market, forward contracts,
market equilibrium, social welfare.

I. INTRODUCTION

I ‘,lectricity markets presents a great level risk due to spot

prices uncertainty and volatility.

Volatility in electricity spot prices occurs in the short,
medium and long-term and affects the cash flow of market
agents who sell/buy energy in the wholesale market.

Short-term  volatility is basically due to equipment
(generators and transmission) failure, fuel availability,
uncertainties in renewable energy production, fuel price and
daily temperature. In medium and long-term periods, volatility
in spot prices is due to uncertainty in hydrological conditions
(in system with large reservoirs), demand growth, structural
changes in the electricity generation sector and so on.

Figure 1 shows the hourly spot price on a randomly selected
day in the PECO zone of the PJM power market [1]. PJM is a
predominantly thermal system [2] and, as a result, spot prices
vary widely along the day.
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Figure 1 - Hourly Spot Prices - PJM

Figure 2 shows the average daily spot price, from 2007 to
2014, for the same system. Notice that, except for some
spikes, prices show a quite stable behavior throughout the
years.
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Figure 2 - Average Daily Spot Prices

Now consider a predominantly hydro system with large
reservoirs, such as Brazil [3]. Spot prices in Brazil [4] are
strongly correlated to the amount of water stored in the main
hydro plant’s reservoirs, as shown in Figure 3. Notice how
short-term price volatility is small, but medium to long-term
volatility is huge.
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Figure 3 - Brazilian Spot Prices x Stored Water

Differences in spot prices across buses or zones are due to
congestions in the transmission system, also presenting a great
deal of volatility. Figure 4 shows the hourly spot price
differences across three zones in the PJM market [1]. Notice
the large gap between prices that occur during the day.
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Figure 4 — Hourly Spot Price Differences Across Zones

One way to hedge against spot prices volatility is to
establish future/forward contracts [4-7]. However, a great
challenge for generator, load and trading companies in this
framework is to define an optimal contract strategy in order to
optimize their results, at the same time take into account their
financial risk.

In this paper we present a methodology for future/forward
electricity contract price projection which is a key element in
the designing of optimal contract strategies.

The remainder of this work is organized as follows: in
Section II we present an overview of the electricity contract
marketing for generators, loads and trading companies
together with the equilibrium concept. In Section III it is
shown that competitive equilibrium in the contract market can
be computed through welfare maximization. Section IV
discusses extensions of the basic methodology. Section V
presents applications of the methodology to the Brazilian
electricity market and in Section VII the main conclusions are
summarized.

II. OVERVIEW OF THE ELECTRICITY CONTRACT MARKETING

A selling contract is a commitment to sell an amount of

energy for a given time period and at given price by either
generation or buying it in the spot market. Likewise, a buying
contract is a commitment to buy an amount of energy for a
given time period and at given price for consumption or
selling in the spot market.

We suppose that agents have their supply and demand curve
for contracts, associated to a given future time period (contract
delivery period), as shown in Figure 5. For ease of
presentation, we present in sections II and III a simple case of
Equilibrium in Electricity Contract Market: one single time
stage and just one generator and load, more complex cases
will be discussed in the extensions.
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Figure 5 - Supply and Demand Curves for Contracts

Generator supply curve is built from the optimization of its
risk adjusted expected net revenue for each contract price. The
net revenue in the contract market is equal to

Ry(azp) = (G- a) Xt +qsxp (1

In equation (1) § is the generation amount, g, is the selling
contract amount, 7 is the spot price and p is the selling
contract price'. The first component in equation (1)
corresponds to the net revenue in the spot market and the
second, the revenue in the contract market.

Likewise, load demand curve is built from the optimization
of its risk adjusted expected net revenue for each contract
price. The net revenue in the contract market is equal to

Ra(@,v)=(ap—d)x =gy xp &)

In equation (2), d is the load amount, g, is the buying
contract amount and p is the buying contract price. The first
component in equation (2) corresponds to the net revenue in
the spot market and the second, the cost in the contract
market.

The risk adjusted expected value is defined as a convex
combination of expected value and CVaR, [8] for a given
level of confidence level a::

R;dj(qsr p) = )lgE[ﬁgen(qsr p)] + (1 - Ag)cvaRa[Rgen(qsr p)]

R;dj(%‘p) = AaE[ﬁmad(%:P)] +(1- Aa)CV‘lRa[ﬁload(%»P)]

3)
(4)

"' In this work hats denote random variables



Weight A4, 4,4 is a risk aversion parameter for the generator
and load.
For a given contract price p, generators sell contract amount
associated to p, given by:

qs(p) = argmax, {Ry" (4, p)} (5)

Likewise, for given a contract price p loads buy contract
amount associated to p, given by

Adj

45(p) = argmaxg,{R," (@, p)} ©6)

Competitive  equilibrium in the contract market
corresponding to a pair (p°, q°) of price and energy amount
such that q° is the solution of both supply (4) and demand
curve (5) associated to price p°:

q° = qs(p°) = q»(P") ™

In equation (7) p° is the future/forward equilibrium contract
price, reflecting agent expectations about market conditions in
the contract delivery date.

When uncertainties are represented by a discrete number of
scenarios, using Rockafellar’s representation of CVaR [8],
implies that problems (5)-(6) correspond to linear
programming problems, parametrized by the price p. For a fix
price p the optimality conditions for problems (5) and (6)
corresponds to a linear system of equality/inequality
equations. However, when p is considered as a variable the
resulting system of equality/inequality equations become
nonlinear due to products involving contract price and energy
amount. This means that in principle computation of the
competitive equilibrium price in the contract market requires
solving a system of nonlinear equality/inequality equations. In
the next section we will show that this equilibrium can be
found through the resolution of a linear programing problem
which corresponds to the welfare maximization of both
agents.

III. EQUILIBRIUM PRICE COMPUTATION IN THE CONTRACT
MARKET AND WELFARE MAXIMIZATION

We start this section by observing that as the terms g5 X p
and g, X p in revenues equations for generators and loads are
not random, expected value and CVaR properties [9], imply that:

RgY(a5,p) = 4,E[(§ — q,) X ] + (1= 25)CVaR,[(g — q,) X 7]

+q,Xp

®)

RiY(qw p) = AaE [(q, — d) X ] + (1 = A)cVaRr, [(q, — d) X 7]
- qb X p

()]

Note that in (8) g; X p is equal to the revenue associated to
contract selling. The other term corresponds to the negative of
the costs in the spot market associated to contract energy
delivering. Thus (8) corresponds to the seller’s surplus. On the
other hand, (9) corresponds to contract revenue in the spot
market subtracted by the cost of purchasing it (g, X p) which
is equal to the buyer’s surplus.
Supposing that uncertainties are represents by a discrete

number of scenarios, Rockafellar’s representation of CVaR [§]
and (8) imply that problem (5) can be written as:

3

Max,, {Ag % +(1-2,) [ag + —Zk[Rg"‘_ag]_] + g5 X p} (10)

Kx(1-a)
s.t.
Rox—(9,—q)Xm=0k=1,..,K
qs =0
Where:

K  number of scenarios

m,  Spot price in scenario k

Jrx  Generation in scenariok

Ry, net revenue of generator in the spot market in

scenario k
[x]” equalstoxifx <0and0ifx >0
Problem (8) is nonlinear. Performing a transformation, it
can be rewritten as a linear programming problem:

Max,, {,19 Zk:g,k +(1-2,) [ag + Kitﬁ';)] +qs X p} (11)
s.t. Dual variables:
Rox—(9,—q) xmy=0k=1,...K By

qs = 0 .Bg

Yok <0,k=1,...K Vo

Yg.k < Rg,k - ag,k =1,..,K Nok

Likewise, problem (6) with transformation above can be
written as:

2k kY

Maxg, {2,255 + (1= 1) [ag + m] ~g,xp}  (12)
s.t. Dual variables:
Ry —(q,—dp) Xme=0,k=1,..,.K Oax
=20 Ba

yd_k < O,k = 1, ,K yd,k

yd,k < Rd,k —Qq, k= 1, ,K Nax

Where:

d, Load in scenario k

Ryx  net revenue of load in the spot market in scenario k

Now suppose that there is a price p® which corresponds to
equilibrium, that is:

q° = q;(®") = ¢,(®")

Optimality conditions for problems (11) at g°, with price
p?, can be written as:

Rg,k"'qOX”k:TTkxgk.k:1,...,K (13)
q°20 (14)
Yor SOk =1,..,K (15)
Yor — Ry +ag<0,k=1,..,K (16)
%_ ggo,k + Tlf,,k =0k=1,..,K (17)
(1-2) = Zkngr =0 (18)
(1-214)

Kx(lfa) N V;k - ’If;,k =0k=1,..,K (19)
pO — Zk Ty X Hg’k — ﬁg = (20)
by =0 @1
){g,k = O;k = 1, ,K (22)
ng,k = O;k = 1, .o K (23)

z RO, Zkyo_k

B 0% me x g = 4, 2 1 (1) [og + 22
+q°xp° (24)



Equality (24) corresponds to the primal-dual equality
condition.

Optimality conditions for problems (12) at q°, with price
p°, can be written as:

Ry —q°xmy=—m, xdp,k=1,...K (25)
q°=0 (26)
yik<0k=1,..,K @7
vk —Rix+ai<0k=1,.,K (28)
g8 +nY=0k=1,.K (29)
(1= 2g) = Xinae =0 (30)
K(i(‘fj’;) 19 —n%e=0k=1,.,K 31)
—p + Xy X eg,k -B3=0 (32)
BI<O (33)
Yek=0k=1..,K (34)
Nie=0k=1,.,K (35)
~ T O X X e = 2420 4 (1) [ + 22 ]
g K Kx(1-a)
q° x p° (36)

Equality (36) corresponds to the primal-dual equality
condition.

Now consider the following linear optimization problem:
Xk

ZilRgr—ag]” YiRak

Max,,q, {Ag II:H"‘ +(1-2) [ag Saarrie ] + 2 =+
(=20 [ou+ 5] 67
s.t. Dual variables:
Ry —(9,—q)xmy=0,k=1,..,K B4 1

qs 20 By

Yo,k <0,k=1,..,K Yok

Yok < Rgr—agk=1,..,K Mgk

Ry —(q,—d) Xme=0,k=1,..,K Oak

4 =20 Ba
Yar <0,k=1,.. K Yk

yd’k S Rd,k - ad;k = 1, ,K nd,k
4s—qp =0 8g,d
Optimality conditions associated to problem (37) are:

Ryx+q,Xme=m, X g, k=1,...K (38)
s =20 (39)
Yok <0,k=1,...K (40)
Yok —Rop+a,<0k=1,.,K 1)
Rajp —q, Xy = -, Xdp,k=1,..,K 42)
q, =0 43)
Yax <0k=1,..,K (44)
Yax —Rax tas<0,k=1,..,K (45)
qs—qp =0 (46)
G gk =0k=1,..K 47)
(1-4g) = Zings =0 (48)
K(iT’lj’jo ~ Yok —Ngx =0,k =1,..,K (49)
—0ga — 2Tk X g —Bg =0 (50)
By =0 (51
Yok =20,k=1,.. K (52)

Mgk =0,k=1,..,K (53)
%_ed,k-i_nd.k:()’k:l""'l( (54)
(1—24) = Xk Nax =0 (55)

1-1
K(x(l_d;) —Vax —Nax=0k=1,..,K (56)
8ga+ Lk X Ogpc —Pa =0 (57)
By <0 (58)
Vor =0,k =1,..,K (59)
Mgk =0,k =1,..,K (60)
YR

2k Oge X T X g — X Oqpe X e X dje = A ng,k +
(1-2,) [a + Z"yg"‘] + 2, 2R (122 [a § D
g 9 " kx(1-a) d d d kx(1-a)
(61)

Comparing the set of linear equality/inequality (13)-(36)
with the set (38)-(61) we conclude that the optimal solutions
of problems (11) e (12) corresponding to an equilibrium,
satisfies optimality conditions of problem (37) with the
following correspondence

G =qp=q° (62)

8y = —1° (63)

This implies that the solution of an equilibrium problem
corresponds to the solution of the linear programming problem
(37) where the dual of the constraint that specify that the
energy amount of selling contract is equal to the energy
amount of selling contract, is equal to the equilibrium price.
Conversely a solution of the linear programming problem (37)
corresponds to an equilibrium in the contract market with the
equilibrium price equal to the dual of the constraints that
specify that the energy amount of selling contract is equal to
the energy amount of selling contract.

Now note problem (37) corresponds to the maximization of
the sum of the objective functions associated to the contract
supply and demand curves (terms q; X p and g, X p cancel
out due to constraint q; — q;, = 0 of the problem). As these
objective functions are equal to the producer surplus and
consumer surplus, problem (37) corresponds to the economic
surplus or total welfare maximization (see Figure 6)

Contract Price

X Contract Demand Curve
Buyer's Surplus

/ Contract Supply Curve
|

e

>
Go Contract Amount

Seller’s Surplus

Figure 6 - Welfare optimization



IV.

In this section we will consider several extensions of the
basic methodology.

EXTENSIONS OF THE METHODOLOGY

A. More than two agents

The development in preceding sections can be extended to
consider equilibrium in the contract market for a set of
generators, loads and trading companies. Pure trading
companies do not have any physical assets (generators or
loads) but can establish selling or buying contracts. In this
case its net revenue is equal to:

Ri(a,9,p) = (@ —a) xft+(@s—a) Xp  (64)

In equation (64) qs,qp, represent selling and buying
contract amounts; the first component corresponds to the net
revenue in the spot market and the second, the net revenue in
the contract market.

Based on the optimization of its risk adjusted expected
revenue, each agent establishes in this case its selling/buying
contract amount as a function of contact price. Equilibrium in
the contract market corresponds now to a contract price p°,
associated to energy amount for a set to buying and selling
contracts {qg_i,i =1, ...,Ib}, {qgi,j =1, ...,]S} contracts such
that:

Ziqg,i = Zj qg,i (65)

The extension of the methodology developed in previous
sections to accomplish this case is immediate.

B. Morethan atime period

Electricity contract may involve a few hours for a given
month (e.g. peak hours for a calendar month contracts in
Nymex), days (peak days for a calendar month contracts in
Nymex), weeks (e.g. weekly contracts in Nordpool) months,
quarters, years (e.g. monthly, yearly contracts in Nordpool
and Brazil), etc.

In this case contract energy amount is indexed by time
period (m) (e.8. qsm OF qp,); it has an associated shape, for
instance:

Gsym = qs X Uy, m = 1,..

where

qs Decision variable — contract reference energy amount

v, Vector associated to contract energy distribution along

its horizon

Also, spot prices, generation and loads are indexed by time
period:

{Ttmper Gmp dmpom =1,..,M; k=1,...,K} (67)

As a result, agent net revenues and market settlements are
established for each time period.

The extension of the methodology developed in previous
sections to accomplish this case is immediate.

- M (66)

C. Time Variations and Uncertainties in forward contract
prices

As mentioned before, forward prices reflect agent
expectations about future market condition; these expectations
change over time. In order to model these features we have to
consider the dynamic behavior of the key random variables
that affects agent revenues. Usually the distributions of these
variables in successive time periods are not independent. Their
evolution can be represented by a tree structure which reflects

transitions between
periods (see Figure 7).

system states along successive time

=

50%
50%

Figure 7 - Tree structure

There are many ways to generate a tree and its associated
transition probabilities from an underlining multi-stage
stochastic process. One of them is through an approximation
of the stochastic process distribution probability [10].
However, as in here we do not have a parametric distribution
associated to the stochastic process, it is adopted an alternative
approach based on a sample estimation procedure as described
next. First of all, as the key random variables associated to
energy markets correspond to time series, their representation
through a finite set of scenarios (sample) corresponding to a
finite number of trajectories. This sample of trajectories may
be generated through a hydrothermal optimization model or a
stochastic model adjusted to historical data.

The first step in the procedure is to define the tree topology
in terms of a set of nodes for each time stage and direct edges.
Each edge has a From node and a To node, and connects a
node of one time stage (From node) to a node in the next time
stage (To node). A root is a node which does not corresponds
to a To node of any edge. Each node (except for the root) has
just one preceding node, that is the number of nodes in each
time stage is greater or equal the number of nodes in the
preceding time stage.

Once the tree topology is defined, a variable or set of
variables is selected for the clustering technique. The next step
is to apply the clustering technique and compute the transition
probabilities as described next.

For each time stage the values associated to the set
trajectories in that time stage is clustered into nb; subsets,
where nb, is the number of tree nodes in that time stage.

The transition probabilities are computed as follows: let k a
node in time stage t and j a node in time stage t + 1, the
sample estimation for transition probability between these two
nodes is equal to nsby ¢4 j/nSb. ), where nsbyy is the number
of trajectories whose values belong to cluster k at stage ¢t and
nsby ;41,5 is the number of trajectories whose values belong to
cluster k in stage t and to cluster j in stage t + 1.

Given the construction above, note that besides tree
transition probabilities we have, within each node, scenarios
which represent uncertainties associated to the key random
variables that affects agent revenues. As a result, the
methodology developed above can be extended to compute
forward contract price associated to future delivery period and
system state related to each node. This feature allows us to



compute for a forward contract, associated to a future delivery
period, the evolution of its price probability distribution
overtime; this is important to quantify financial risks
associated to forward contracts and also the Value of Waiting.

V. CASE EXAMPLES

For the case examples illustrated in this paper 1200 spot
price scenarios are considered along the years of 2022 to 2026
for the Brazilian system. Figure 8 shows aggregate spot price
distribution for the year of 2022, 2022-2024 and 2022-2026. It
can be seen that there are many scenarios with low spot prices
and a small number of scenarios with high spot prices, that is,
spot price distribution is highly asymmetrical.

Cumulative distribution function

Figure 8 - Spot Price Distribution

Three types of simulation will be discussed. In the first the
effect of generator capacity is analyzed; the second concerns
the effect of risk aversion parameter (4) and the third is
related to uncertainties in future contract price.

All associated optimization problems are solved by the
Xpress software [11-12].

A. Effect of generation capacity

In this case the risk aversion parameter for both generator
and load was set to 0.8, and three types of contracts were
considered: the first one with one year duration and delivery
period year of 2022, the second with three years duration and
delivery period from the year of 2022 to 2024 and the third
with five years duration and delivery period from the year of
2022 to 2026. Load size is 100 MW and generator capacity
varies from 100 MW to 130 MW (overcapacity ranging from
0% to 30%).

Figure 1Figure 9 shows contract equilibrium price
corresponding to generator overcapacity ranging from 0% to
30% and average spot price for the years of contract delivery
period.
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Figure 9 - Effect of Energy Overcapacity

First, note that contract price tends to be higher than
average spot price along the corresponding delivery period.
This is mainly due to high spot scenarios together with its
distribution asymmetry (see Figure 8) which imply in a risk
premium charged by the contract seller.

In addition, starting in 2022, contract price increases with
contract durations. This is mainly due spot prices increasing
behavior from 2022 to 2026.

Besides, it can be observed that equilibrium contract price
decreases as a function of generator overcapacity. This
happens because, as overcapacity becomes higher, an
increasing excess of energy is supplied to the contract market
and this implies that the generator tends to accept a lower
contract price.

B. Effect of risk aversion parameter

Now let us examine the impact of the risk aversion
parameter on contract price. In this case it was considered one
year contract for the year of 2022, a load of 100 MW,
generator capacity of 110 MW, three values for the load risk
aversion parameter (4, = 1.0,0.5,0.0) and three values for
the generator risk aversion parameter (4, = 1.0, 0.5, 0.0).

Figure 10 shows the resulting contract equilibrium price.
First, note that when the load or generator is risk neutral
(4 =1 or 4, = 1.0) the contract price is equal to average
spot price for the year of 2022 (=~ $22). This happens because,
if load is risk neutral, it would does not have any motivation to
accept a risk premium charged by the generator due spot
asymmetric distribution. By the same reasoning, if generator is
risk neutral it does not have any motivation to charge a risk
premium from the load.

As the load has some level of risk aversion (15 < 1)
contract price increases with generator level of risk aversion.
This happens because generation charged risk premium
increases with its level of risk aversion and this risk premium
is accepted by the load, due to its risk aversion. Also, as the
generator has some level of risk aversion (45 <1) the
contract price increases with load level risk aversion. As load
level of risk aversion increases it will be increasingly willing
to accept generator risk premium.

8O
Load risk aversion
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Generator risk aversion parameter (Agnarated

Figure 10 — Effect of Risk Aversion Profile

C. Uncertaintiesin future contract prices

Now we turn to the computation of the future contract price
probability distribution. Consider a one-year duration contract
with delivery year of 2025 and that we want to study de
evolution of its price from the beginning of 2022 to the
beginning of 2025. For this purpose, consider a tree with the



topology shown in Figure 11. At the beginning there were
1200 spot price scenarios which correspond to trajectories in
2022. Then based on spot prices in 2023 these trajectories
were clustered into two classes containing 600 values each
(see Figure 11). Afterwards, based on spot prices in 2024,
each of the 600 trajectories were clustered into two classes in
2024, a total of four classes at that year. Finally, based on spot
prices in 2025, each of the 300 trajectories were clustered into
two classes in 2025, a total of eight classes in 2025.
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Figure 11 — Tree Topology and Results

Considering variables that affect agent revenues in 2025
associated to each of the 1200 trajectories, the methodology
can be applied to compute forward price contract for that year.
This is the price ($ 68) in 2022 for the forward contract
delivery in 2025 as shown in the figure. Next, applying the
methodology to the variables that affect agent revenues in
2025 which belong to the 600 trajectories associated to the
tree node (1,1), future contract price for 2025 in that state is $
83 as shown in the figure. Doing the same for the other 600
trajectories associated to the tree node (1,2), future contract
price for 2025 in that state is § 53 as shown in the figure.
Applying the same procedure for the other nodes future
contract price for 2025 are obtained for each of the remaining
states as shown in the figure.

As the 1200 trajectories are equally likely, contract price for
2025 in 2022 is $68 but there is a 50% probability that it will
be $83 in 2023 and 50% that it will be $53. For 2024, the
future contract price for 2025 could be $86, $78, $74 and $30
with a 25% probability associated to each value. Likewise,
there are eight possible values for future contract price at the
beginning of 2025 to deliver energy in 2025, each associated
with a 12.5% probability.

From the above it can be seen that contract prices for a
future delivery period not only changes overtime but its
probability distribution also changes.

Uncertainties in contract prices imply in risks for buying
and selling agents in the contract market. For instance,
consider in the example, a selling contract, established in 2022
at a price $68 for delivery energy in 2025. Suppose that
market state in 2024 is 1 (node (2,1) in the tree). Contract
price for delivery energy in 2025 in that state is $86. The
selling agent who established the contract in 2022 had a loss
because in that state contract price for energy delivery in 2025
is higher. That is, the value of the contract established in 2022

7

is in that state -$18 ($68 - $86). Considering all states, the
value of a selling contract established in 2022 for energy
delivery in 2025, can be in 2024 equal to -$18, -$10, -$6 or
$38, with a 25% probability associated to each value.

VI. CONCLUSIONS

In this paper it was presented a methodology to estimate
forward contract price in energy market. The methodology is
based on the computation of equilibrium in a competitive
market, where market agents (buyers and sellers) submit their
corresponding supply and demand curves for contracts.

Contract supply and demand curves are based on the
optimization of each agent risk adjusted expected revenue
established in terms of a convex combination of the expected
revenue and CVaR.

When uncertainties are represented by a discrete number of
scenarios, a key result in the paper is that contract price
corresponds to the dual variable of the equilibrium constraints
in the linear programming problem associated to the
optimization of total agent welfare.

Besides computing equilibrium contract price for a given
year, the methodology can also be used to compute the
evolution of the price distribution associated to a contract with
a future delivery period; this is an important topic to quantify
forward contract risks.

Numerical examples provided in the paper show the
attractiveness of the methodology to deal with forward
contract pricing, a key element in the designing of optimal
contract strategies.
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