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Abstract

Ripper, Pedro da Silveira Carvalho;Penello Temporão, Guilherme (Ad-
visor);Castro do Amaral, Gustavo (Co-Advisor);Bernal Neira, David Es-
teban (Co-Advisor). QARBoM.jl: a framework for Classical and
Quantum-Assisted Training of Restricted Boltzmann Machines. Rio
de Janeiro,2025. 128p. Dissertação de Mestrado – Departamento de Engenha-
ria Elétrica, Pontifícia Universidade Católica do Rio de Janeiro.

This thesis presents QARBoM.jl, a platform for benchmarking quantum-
assisted against classical training of Restricted Boltzmann Machines (RBMs).
Recent works have been testing the training of RBMs using quantum sam-
pling techniques, such as Quantum Annealing, and comparing their results
against classical methods. However, these projects are mainly limited to a
specific dataset and only one RBM classical training procedure to compare.
With that said, QARBoM.jl establishes an agnostic benchmarking framework
where, with minor code adjustments, one can select over different training al-
gorithms (classical or quantum-assisted) and parameters to model integer or
real-valued datasets, expediting the research endeavor on the applications of
Quantum Computing for RBMs.

Keywords

Restricted Boltzmann Machine; Energy Based Model; Quantum Computing;
Quantum-Assisted Machine Learning; QUBO.



Resumo

Ripper, Pedro da Silveira Carvalho; Penello Temporão, Guilherme; Castro do
Amaral, Gustavo; Bernal Neira, David Esteban. QARBoM.jl: um framework
para Treinamento Clássico e Quântico-Assistido de Restricted Boltz-
mann Machines. Rio de Janeiro, 2025. 128p. Dissertação de Mestrado – De-
partamento de Engenharia Elétrica, Pontifícia Universidade Católica do Rio
de Janeiro.

Essa dissertação apresenta o QARBoM.jl, uma plataforma para comparar téc-
nicas de treinamento assistido por quântica e clássicos de Máquinas Restritas
de Boltzmann (MRBs). Trabalhos recentes vêm testando o treinamento de
MRBs usando métodos de sampleamento quântico, como Recozimento Quân-
tico, e comparando seus resultados com algoritmos clássicos. Todavia, essas
pesquisas são limitadas à uma base de dados específica e geralmente apenas
uma técnica de treinamento clássica. Diante desse panorama, o QARBoM.jl

estabelece uma metodologia agnóstica onde, com pequenos ajustes, seus usuá-
rios podem selecionar entre diferentes algoritmos de treinamento (quânticos
assistidos ou clássicos) e parâmetros para modelar base de dados com valores
inteiros ou contínuos.

Palavras-chave

Máquina Restrita de Boltzmann; Modelos Baseados em Energia; Computação
Quântica; Aprendizado de Máquina assistido por quântica; QUBO .
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1

Introduction

The United Nations has proclaimed 2025 as the Year of Quantum Science
and Technology1, in order to increase awareness for quantum technologies,
such as Quantum Sensing, Communication, and Computing. Several countries
have been investing in this area, as portrayed by the latest national quantum
initiatives survey by Qureca2 in Figure 1.1.

Figure 1.1: National Quantum Initiatives. Source: Qureca

This interest comes from the expected benefits that these technologies can
bring in the future. More specifically, quantum computers are predicted
to provide computational speedup over non-quantum computers (classical
computers), for some specific problems in areas such as in Optimization [2],
Chemistry [3] and Machine Learning [4]. This speedup is often referred as
Quantum Advantage or Quantum Supremacy.

1Year of Quantum Science and Technology: (link).
2Quantum Initiatives Worldwide 2024

https://quantum2025.org/en/
https://www.qureca.com/quantum-initiatives-worldwide/
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Quantum Computing (QC), however, is yet to present an experiment for a
real-world problem where a quantum device outperforms a classical computer,
as QC is in a preliminary stage known as the Noisy Intermediate Scale
Quantum (NISQ) Era [5]. In the NISQ Era, quantum hardware is susceptible
to noisy operations and decoherence, and is unfit to run larger problems due
to scalability challenges.

That being said, researchers have been experimenting on applications where
quantum and classical computers can be used cooperatively, sparing the
quantum devices of heavy operations that can be performed on traditional
computers. A famous example for that is the class of hybrid algorithms known
as Variational Quantum Algorithms (VQA) [6], although their usefulness has
been recently questioned [7]. These algorithms work as optimizers searching for
optimal parameters for the quantum computer execution. Moreover, there is a
specific quantum computer architecture known as Quantum Annealer, which
also performs an optimization task.

These two techniques are well fit to solve an Optimization problem in the
QUBO (Quadratic Unconstrained Binary Optimization) format, that is, a
model comprised only of binary variables, unconstrained and with its poly-
nomial at most quadratic. Its representation follows in the equation below.

min
x∈Bn

x′Q⃗x = min
x∈Bn

2
n∑
i=1

n∑
j=i+1

qi,j xi xj +
n∑
i=1

qi,i xi (1-1)

This formulation maps to a model from Statistical Mechanics known as the
Ising Spin Model, depicted in Equation 1-2, and it represents ferromagnetic
interactions of spin particles in a lattice.

H(σ) = −
∑
ij

Jijσiσj −
∑
i

hiσi, where σk ∈ {±1} (1-2)

Statistical Mechanics has also inspired a class of neural networks called Energy
Based Models (EBM) [8], which was developed by John Hopfield and Geoffrey
Hinton. The fundamental importance of this work, which bridged concepts
from Physics and Machine Learning, was recognized when Hopfield and Hinton
were awarded the Nobel Prize in Physics in 20243.

3Nobel Prize in Physics 2024 : www.nobelprize.org/prizes/physics/2024/summary/

https://www.nobelprize.org/prizes/physics/2024/summary
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Being neural networks, EBMs have the objective of modeling and predicting
patterns in data. A neural network is comprised of two or more layers of
interconnected nodes that, using optimally trained parameters, can represent
latent features in the data being studied. Moreover, their training is usually
conducted by minimizing a cost function that depicts how well the neural
network has modeled the data.

For the case of EBMs, the cost function is based on the probability of
sampling a state p(v), as we will see in the following chapter. EBMs have
their probabilities linked to an energy function similar to the Ising Model.
That being said, during the training of EBMs, one is interested in sampling
low-energy states for this energy function.

The intersection between the EBMs and the optimization problems that the
aforementioned quantum algorithms address opened a new branch of research:
quantum-assisted training of EBMs. More specifically, different articles [1; 9;
10] have presented results for using QC to support the training of a specific
type of EBM called Restricted Boltzmann Machine (RBM) [11]. Leveraging
quantum methods that are well-fit to solve QUBOs/Ising models, one can
sample low energy states for the RBM’s energy function while maintaining the
actual training of the neural network in a classical computer.

Although there are different ways of training an RBM, considering classical
methods and quantum algorithms (e.g. Variational Quantum Algorithms,
Quantum Annealing) methods, these works focused on benchmarking with only
one classical technique which known as Contrastive Divergence. Moreover, their
quantum-assisted training framework was restricted to Quantum Annealing.

Therefore, regarding the contrasting classical and quantum techniques for
training RBMs, there is an absence of an framework to perform a compre-
hensive benchmark.

To address this issue, we introduce QARBoM.jl [12], an open-source Julia
package for comparing RBM training over classical and quantum methods.
This software is intended to become a simplified framework for benchmarking
the different training procedures for RBMs that exist today and might exist
in the future.

The work is presented as follows. First, the main concepts of RBMs that
were used in the development of QARBoM.jl are outlined in Chapter 2.
Following, Chapter 3 defines fundamental notions of QC that allow us to
understand the quantum algorithms that target QUBO and Ising Models,
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which will be explained in Chapter 4. Then, QARBoM.jl is finally introduced
in depth in Chapter 5, where its benchmarking interface is exemplified with
code snippets. After our framework is presented, Chapter 6 contains a use case
of QARBoM.jl, with a well-known open-source dataset called the Tennessee
Eastman process. Finally, Chapter 7 concludes this work, evaluating the
possible contributions that QARBoM.jl can offer, followed by future works
that can be conducted to improve our tool.

Additionally, it is worth mentioning that appendices sections are provided for
the Chapters 2 and 3 and can be found at the end of this thesis.



2

Restricted Boltzmann Machines

Restricted Boltzmann Machines (RBMs) are an Energy-Based model with la-
tent variables (usually binary), used to learn underlying data distributions [13].
EBM is a class of Neural Network that stems from the concept of Markov Ran-
dom Field, which in turn draws notions from Statistical Mechanics [14]. These
neural networks are comprised of visible and hidden nodes, connected in a set-
ting that makes RBMs be perceived as complete bipartite graphs, as presented
in Figure 2.1.

Visible and hidden nodes are represented by the vi and hj vertices, respectively.
Moreover, every {vi, hj} pair has an associated wij weight, while each visible
and hidden node has a bias weight ai and hj respectively.

Figure 2.1: Restricted Boltzmann Machine as a complete bipartite graph. All
visible nodes are connected to all hidden nodes and vice versa. Each (vi, hj)
edge has a weight wij

2.1

Markov Random Fields

Markov Random Fields (MRFs) or Markov Networks are undirected Graphical
Models comprised of nodes that represent random variables and edges that
contain associated weights. One can find the join distribution over the variables
X = (X1, · · · , Xn) from a MRF as follows:
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p(X = x) = 1
Z

∏
C

fC(xC) (2-1)

In Equation 2-1, Z is a normalization constant, meaning that it corresponds to
the sum of all possible values for the variables. It is also referred as the partition
function. Moreover, fC represents a function over the C-th maximal clique of
the graph, while xC is the set of variables in that clique, where xC ⊂ x.

In a graph G = (E, V ), with a set of edges E and vertices V , a clique is a
subset C of vertices in which every vertex in C is adjacent to every other vertex
also in C. A maximal clique is a subgraph that would no longer be a clique
if another vertex were added. For example, consider Figure 2.2. Subgraph 1
represents a clique of two vertices, as every vertex in subgraph 1 is adjacent to
all the other vertices in the clique. On the other hand, subgraph 2 is a maximal
clique because if we were to add the remaining vertex, not all vertices would
be connected to each other, thus losing its clique property.

Figure 2.2: Clique (1) and Maximal Clique (2)

Now, returning to Equation 2-1, fC can be expressed as an arbitrary exponen-
tial, as depicted in Equation 2-2, where E(xC) is called the Energy Function.
It is worth mentioning that, for being arbitrary, one can also multiply fC by
subsets of the maximal clique. This exponential representation is inherited
from Statistical Mechanics and it is called the Boltzmann distribution [14].
It is worth noticing that smaller values for the energy function are related to
greater probabilities, considering they are followed by a minus sign inside the
exponential.

fC(xC) = exp(−E(xC)) (2-2)
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2.2

From Markov Random Fields to Energy Based Models

As stated, Energy-Based Models are Neural Networks that leverages concepts
from MRFs. In this section, we will define the distribution function for an
RBM, considering what was just presented about MRFs.

Being represented by a bipartite graph (see Figure 2.1) with M visible nodes
and N hidden nodes, it is possible to observe that there are M ×N maximal
cliques in an RBM graph, one for each visible-hidden nodes edges. With that
said, the product component in Equation 2-1 would consider every (vi, hj) pair.
For each of them, we can define an energy equals to the weight of the edge -
wij - connecting these two nodes. Moreover, as the fC functions are arbitrary,
we can add a biasing term for every visible node, which we will associate with
a ai value for the ith visible node and bj for the jth hidden node. Finally, once
again borrowing concepts from Statistical Mechanics, we want to assign lower
energies to higher probabilities. Therefore, each of these terms will be preceded
by a minus sign. At the end, we have a product of exponentials, which we can
merge into a single exponential.

From this formulation, we have modeled the generalized probability function
from Equation 2-1 into the following RBM distribution in Equation 2-3, where
E(v,h) depicts the merged exponentials. Its expanded form is presented in
Equation 2-4.

p(v,h) = 1
Z

exp(−E(v,h)) (2-3)

E(v,h) = −
∑

i∈visible
aivi −

∑
j∈hidden

bjhj −
∑
ij

wijvihj (2-4)

Furthermore, the partition function Z from Equation 2-1 is depicted in
Equation 2-5. As mentioned, this function guarantees that the sum of all
probabilities will yield 1. Additionally, in order to estimate it, one needs to
find the value for E(v,h) for all possible configurations of visible and hidden
nodes. An RBM with M visible and N hidden binary nodes has 2M×N different
configurations. Thus, calculating the value for the partition function can be
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computationally cumbersome, as the number of visible and hidden nodes
increases, finding p(v,h) becomes exponentially harder.

Z =
∑
v′,h′

exp(−E(v′
m,h′

n)) (2-5)

Moreover, the marginal probabilities can be represented as

p(v) = 1
Z

∑
h′

exp(−E(v,h′
n)) (2-6)

p(h) = 1
Z

∑
v′

exp(−E(v′
m,h)) (2-7)

Regarding the joint distribution and the marginal distribution formulas, it is
noticeable that working with these equation brings an exponential computa-
tional cost, as all possible values for the visible and hidden nodes must be
computed. With that said, in the next section, we will introduce another con-
cept from Graphical Models: conditional independence.

2.3

Conditional independence properties

In Graphical Models, two variables X, Y are said to be conditionally indepen-
dent given a third variable Z if every path connecting the nodes X and Y

passes through the Z node. The same holds for sets of variables. For instance,
in Figure 2.3, we can see that if the nodes C and B were removed, there would
be no path from node A to D. Therefore, we say that A and D are conditionally
independent given C and B.

Taking this property into account, let us return to the RBM bipartite graph
in Figure 2.1. If the hidden nodes h1 and h2 were removed, there would be
no path between visible nodes, while the path between hidden nodes rely on
the visible nodes v1, v2 and v3. Therefore, the visible nodes are conditionally
independent given the hidden nodes and vice versa.

Such a fact is quite useful as, in contrast with the joint and marginal
distributions, the conditional probabilities can be easily estimated. Although
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Figure 2.3: Variables A and D are conditionally independent, given the
variables C and B (A ⊥⊥ D|B,C)

seeming quite complex at first glance, Equation 2-8 can be greatly simplified
after some mathematical manipulations, which can be found in Appendix A.

p(h|v) = p(v,h)
p(v) = exp(−E(v,h))/Z∑

h′ exp(−E(v,h′))/Z
(2-8)

These refinements yield the following probabilities for each visible and hidden
node:

p(hj = 1|v) = σ(bj +
∑
i

wijvi)

p(vi = 1|h) = σ(ai +
∑
j

wijhj),

where σ(x) = 1
1 + e−x

(2-9)

Notice that both hidden and visible nodes conditional probabilities in Equation
2-9 can be estimated in polynomial time. For instance, considering p(hj = 1|v),
one needs to sum over the values of the vector v, which has a length dim(v).
Therefore, conditional probabilities are a practical tool for working with RBMs.

2.4

Marginal distributions via Gibbs Sampling

Even though marginal distributions are computationally hard, in the next
section it will be disclosed that estimating them is required during the RBM
training process. Regarding this issue, there is an algorithm for approximating
marginal probabilities called Gibbs Sampling.
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This method consists of instantiating a Markov Chain where, at each step, the
values for each variable are updated according to their conditional indepen-
dence given other variables [15].

To illustrate this algorithm, we use the RBM graphical model. First, initialize
the visible nodes v to an arbitrary state v0. Then, sample the value for each
hidden node via conditional distribution, given this arbitrary value v0. Next,
sample values for the visible nodes from the conditional probability again, but
now using the sampled values for the hidden nodes. Repeating this procedure
for K steps yields an approximation of the marginal distribution p(v) At the
end, we would reach the marginal distribution for each visible variable. For
better understanding, this process is outlined below in Algorithm 1, followed
by an illustration in Figure 2.4.

Algorithm 1 Gibbs Sampling pseudocode

function GibbsSampling(rbm, k, v0)
v← v0

for k ∈ 1 · · · K do
hk−1 ← p(h|vk−1)
v← p(v|hk−1)

end for
return v

Figure 2.4: Gibbs Sampling algorithm illustration

It is worth mentioning that as the number of iterations K increases, the
marginal probability approximation becomes more accurate. However, as we
will see in the following sections, it also becomes more computationally
expensive.

2.5

Training RBMs

RBMs are optimized by maximizing the log-likelihood of the observed training
data (log p(v)) over its parameters Θ = {W, a,b}, which are, respectively, the
matrices and vectors that contain the weights wij and biases ai and bj.



Chapter 2. Restricted Boltzmann Machines 24

max
Θ

log p(v) (2-10)

Consider that we have started training a three visible node RBM with arbitrary
values for Θ. At first, it could present random probabilities for each possible
value of v. However, when training with a dataset, this RBM will start
increasing the probabilities of the v values that appear more in the dataset.
This behavior is illustrated in Figure 2.5, where we can observe that the dataset
for this example had more entries for v = [010].

Figure 2.5: Example for the probabilities of the visible nodes of an RBM before
and after training.

Observing Equation 2-6, it is possible to see that, in order to maximize log p(v),
we need to increase the value for the exponent that contains the energy
function, as the latter contains all the hyperparameters Θ. That being said,
as the energy function is preceded by a minus sign, it actually needs to be
minimized.

The values for these hyperparameters are iterated via gradient ascent. At first
glance, taking the partial derivative for each weight might seem cumbersome.
However, these equations can be significantly simplified after some manipula-
tions, which can be found in Appendix B.

In previous works, the gradient for each hyperparameter are usually written as
presented in Equations 2-11, 2-12 and 2-13, where ⟨·⟩ represents the expected
value for data and model.

∂ log p(v)
∂wij

= ⟨vihj⟩data − ⟨vihj⟩model (2-11)
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∂ log p(v)
∂ai

= ⟨vi⟩data − ⟨vi⟩model (2-12)

∂ log p(v)
∂bj

= ⟨hj⟩data − ⟨hj⟩model (2-13)

Taking a closer look, according to Appendix B, the first term represents a
conditional probability of hj given the ith visible node from the training data
sample v, as follows in the equations below.

⟨vihj⟩data → p(hj = 1|v)vi (2-14)

On the other hand, when expanded, the model component takes the form
depicted in Equation 2-15, where v′m represents the mth possible value that
the vector v = [vi · · · vV ] can take (V = dim(v)). As v ∈ BV , notice that this
formula is computationally expensive to be calculated, as one would need to
go through an exponential amount of 2V possible configurations for v.

⟨vihj⟩model →
∑
m
p(v′m)p(hj = 1|v′m)vi (2-15)

For now, we have seen that for each v training data, in order to maximize
log p(v) via gradient one needs to estimate:

– The ⟨·⟩data component: This task can be performed in polynomial time,
as from Equation 2-9, we have seen that it only takes going through the
values for the given training data v.

– The ⟨·⟩model component: Conversely, this term is more computationally
expensive as, although we have seen an approximation for calculating
the marginal distribution in Section 2.4, according to Equation 2-15, we
are still summing an exponential amount of possible values for v.

That being said, additional approximations are needed in the interest of
having a computationally feasible RBM training process. In the following
two subsections, we will explain the two main methods for training RBMs
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that can meet these requirements: the Contrastive Divergence and Persistent
Contrastive Divergence.

2.5.1

Contrastive Divergence

At the beginning of this section, we have introduced that the training of an
RBM consists of maximizing the log-likelihood of p(v) over the training set.
According to Hinton, this is the same as minimizing the Kullback-Leibler
divergence (KL divergence), also known as Relative Entropy, between the
distribution of the visible units in the training dataset and their distributions
in the starting RBM model [16].

Using this concept, Hinton outlined an algorithm for training RBMs called
Contrastive Divergence (CD). From lengthy calculations that are disclosed in
Appendix C, CD updates the hyperparameters of an RBM according to the
following equation, where α is the learning rate.

wij = wij + α
(
p(hj = 1|v)vi − p(hj = 1|vk)vki

)
ai = ai + α

(
vi − vki

)
bj = bj + α

(
p(hj = 1|v)− p(hj = 1|vk

) (2-16)

Now, we are ready to lay out a pseudo-code for training RBMs with the CD
method in Algorithm 2, where we have the following parameters:

– rbm: An object containing the hyperparameters {W, a,b}

– data: the dataset, containing the v samples

– k: the number of Gibbs Sampling steps

– α: the learning rate

It is worth mentioning that the training process of neural networks is often re-
peated in epochs, which means that the function ContrastiveDivergence
defined in Algorithm 2 would be repeated for the number of epochs chosen.

Moreover, although CD already introduces significant performance improve-
ments for RBM learning, there are still some areas for improvement. In the
following subsection, we will present the Persistent Contrastive Divergence,
which, in sum, reduces the number of GibbsSampling calls.
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Algorithm 2 Contrastive Divergence (CD) pseudocode

function ContrastiveDivergence(rbm, data, k, α)
for v ∈ data do

h← p(h|v)
vk ← GibbsSampling(rbm, k,v)
hk ← p(h|vk)
rbm.wij ← wij + α(v[i] ∗ h[j]− vk[i] ∗ hk[j]),∀i, j
rbm.ai ← ai + α(v[i]− vk[i]),∀i
rbm.bj ← bj + α(h[j]− hk[j]),∀j

end for

2.5.2

Persistent Contrastive Divergence

From Algorithm 2, we have seen that the CD procedure is performed several
times within the training of an RBM. Considering the sole cost of running
Gibbs Sampling, researchers usually choose only one step, exchanging better
gradient estimations for better performance. With that in mind, Tieleman
proposed a variation for the CD algorithm, known as Persistent Contrastive
Divergence (PCD) [17].

According to Tieleman, at each hyperparameter update, the RBM model is
only slightest changed, influenced by the chosen learning rate. In this regard,
the sampled variables from Gibbs Sampling from one dataset sample to another
are not be very different. That being said, they suggested to dividing the
training dataset in mini-batches and, after each mini-batch being used to train
an RBM, the Gibbs Sampling would be performed to update what they named
fantasy points.

The fantasy points are an array that is storing visible and hidden nodes’
sampled values from Gibbs Sampling. There are some specifications about
fantasy points, where for a dataset divided into mini-batches, it is advised to
have a number of fantasy arrays equal to the size of a mini-batch.

For easier understanding, the PCD method is outlined in Algorithm 3 , with
two extra parameters (in comparison with Algorithm 2):

– miniBatches: the dataset partitioned in small sets of v samples

– fantasyPoints: an array of fantasy points arrays, that carry the sampled
values from Gibbs Sampling

It is worth noting that, as we do not reset the fantasy points after each run of
PCD, we are persisting with the Gibbs Sampling’s Markov Chain. This feature
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Algorithm 3 Persistent Contrastive Divergence (PCD) pseudocode
function PCD(rbm, miniBatches, fantasyPoints, k, α)

for miniBatch ∈ miniBatches do
for fantasyPoint ∈ fantasyPoints do

fantasyPoint ← GibbsSampling(rbm, k, fantasyPoint)
end for
for v ∈ miniBatch do

h← p(h|v)
vk ← fantasyPoints[miniBatch].v
hk ← fantasyPoints[miniBatch].h
rbm.wij ← wij + α(v[i]h[j]− vk[i]hk[j]),∀i, j
rbm.ai ← ai + α(v[i]− vk[i]),∀i
rbm.bj ← bj + α(h[j]− hk[j]),∀j

end for
end for

end function=0

is what inspired the name Persistent Contrastive Divergence.

Moreover, as we perform fewer Gibbs Sampling iterations, the algorithm
provides better performance than standard CD.

2.6

RBM Variants

Until now, we have seen RBMs in their standard form: comprised solely of
binary units, they are used to model a dataset and learn the underlying
distributions of the visible and hidden variables. In this section, we will
present two RBM variants used for this work: Gaussian-Bernoulli RBMs and
Discriminative RBMs.

2.6.1

Gaussian-Bernoulli RBM

Considering that an RBM is made of binary nodes in its original form, its
variables follow a Bernoulli distribution. This configuration, however, limits
the RBM of learning from continuous-variable datasets.

That being said, there is a special RBM variation that addresses real-valued
data for the visible nodes, known as Gaussian-Bernoulli Restricted Boltzmann
Machine (GRBM) [11; 18]. There are different proposals for GRBMs; however,
in this work, we will refer to the one presented by Hinton [11], where its energy
function is defined as:
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E(v,h) =
∑
i

(vi − ai)2

2σ2 −
∑
j

bjhj −
∑
ij

wij
vi
σi
hj (2-17)

where σi is the variance for the ith visible variable.

For easier calculations, it is common to normalize each component of the
training data to have zero mean and unit variance. This simplifies the energy
function to the following equations for conditional probability [19] presented
in Equation 2-18. It is very important to highlight that the function σ in this
equation does not relate to the variance σi for a visible node, which from now
on will always be equal to 1. Additionally, N is a normal distribution with
mean ai +∑

j hjwij and variance 1.

p(hj = 1|v) = σ(bj +
∑
i

viwij)

p(vi|h) = N (ai +
∑
j

hjwij, 1)
(2-18)

2.6.2

Discriminative RBM

RBMs were initially presented using generative training examples, such as
image reconstruction using the MNIST dataset1 [17; 18], however, they can
also be used for classification tasks [11; 15; 20].

As we are already familiar with, an RBM is comprised of a visible layer, which
takes samples from the dataset, and a hidden layer, which is responsible for
modeling underlying features from the dataset. In generative training, we want
our RBM to model, for instance, the digits from the MNIST dataset. After
training, an RBM is expected to be able to reconstruct corrupted images from
this model or even generate new ones. These digits can be translated into
vectors of zeros and ones, which are then fed to the visible nodes of the RBM,
as presented in Figure 2.6.

On the other hand, when considering RBMs for discriminative training, along
with the vector representing the digit we would like to model, a label, in the
form of a vector is also provided to the RBM visible nodes, as seen in Figure
2.7.

1MNIST Dataset: https://en.wikipedia.org/wiki/MNIST_database
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Figure 2.6: Generative training of an RBM

Figure 2.7: Discriminative training of an RBM

From Figure 2.7, we can see that nothing has actually changed in the structure
of the RBM, besides the addition of some extra visible nodes (and their
connections with hidden nodes). However, we can separate the visible nodes
from the generative training (the ones that make up the digit 3 in the
example) from the label nodes, yielding the following equation for the energy
function [20].

E(v,h) = −
∑

i∈visible
aivi−

∑
l∈label

clyl−
∑

j∈hidden
bjhj−

∑
ij

wijvihj−
∑
lj

uljylhj (2-19)

Notice that we have added a new weight matrix U, besides the bias c for the
label nodes. At the end of the day, this matrix is actually part of the original
W matrix for the standard RBM.

Woriginal ≡
[
Wgenerative Ulabel

]
(2-20)
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When presenting this RBM variant, Larochelle [20] outlined two possible
training techniques: one that treats the label nodes as if they were regular
visible nodes and another that is a hybrid of training with and without labels.
The latter was justified by the amount of labeled training data that is usually
available. In this work we will not cover the second training method, which
can be addressed in a future project.

2.7

Deep Belief Networks

Although this study does not delve into Deep Belief Networks (DBNs), they
are an important milestone in the development of deep neural networks and
therefore will be briefly presented.

Introduced by Hinton et al [21], DBNs have the advantage of modeling more
complex data, with non-linear features [21; 22]. In sum, DBNs are comprised of
stacked RBMs, where the hidden nodes for the i-th RBM are the visible nodes
for the (i+1)-th RBM. Figure 2.8 presents a DBN in its usual representation,
with the visible nodes at the bottom.

Figure 2.8: Illustration of a Deep Belief Network (DBN), with two hidden layers

There are two stages for training a DBN, as proposed by Hinton et al [21; 23].
First it is performed a greedy layer-wise training, where each RBM that makes
the DBN is trained in order. The first RBM, the one at the bottom with the
visible nodes in Figure 2.8 takes the samples from the dataset and has its
weights and biases trained. Then, the following RBM, comprised by the nodes
h1 and h2 takes as input the samples from the dataset transformed from
the previous RBM. For example, considering a sample s from the dataset,
the second RBM would receive p(h1|v = s) as input. Then, a fine-tuning step
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introduces a classification layer that is training via back propagation that also
adjusts the weights of the original DBN.

2.8

Quantum Computing and RBMs

In Section 2.5 we have seen that training an RBM can be interpreted as
minimizing the KL divergence between the model of the training dataset
and the current model of this RBM. During this learning process, for both
algorithms that were presented, we had to sample a state from the RBM
distribution using Gibbs Sampling.

As it is retrieved from an approximation to the RBM distribution, this sampled
state is an RBM configuration for the visible and hidden nodes that has a
greater possibility of occurrence. That being said, considering Equation 2-3,
this sample has a lower energy value E(v,h).

Moreover, as mentioned at the beginning of this chapter, EBMs inherits
concepts from MRFs, which in turn uses notions from Statistical Mechanics.
In this regard, the energy function of the RBM derives from the Ising Model
from Statistical Mechanics, depicted in Equation 2-21. This formulation has
an n× n matrix J and a vector h of size n.

H(σ) = −
∑
ij

Jijσiσj −
∑
i

hiσi, where σk ∈ {±1} (2-21)

The energy function from an RBM can be easily mapped into the Ising Model
with a few adjustments. First of all, we need to convert the visible and hidden
variables, which are binary, into σi ∈ {±1} variables. This conversion is trivial
as presented in Equation 2-22.

σi = 2x− 1, where x is either a visible or a hidden variable (2-22)

Then, as J is an N ×N matrix and W is a V ×H matrix (where V and H are
the number of visible and hidden nodes respectively), when performing this
reformulation, the resulting J matrix must have dimensions (V +H)×(V +H).
Now, considering that we would be summing wijσiσj two times in the Ising
model, we need to divide the weights by two. Finally, the h vector is a
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concatenation of the a and b vectors. These manipulations are presented in
Figure 2.9.

Figure 2.9: RBM weights conversion into the Ising Model coefficients

The Ising Spin Model represents the energy assigned to a spin lattice, where
the possible values for the spin particles are their dipole moments 1 and −1.
Therefore, when performing Gibbs Sampling, we are, in fact, looking for a
value for σ that minimizes H(σ).

That being said, as we will see in Chapter 4, there are Quantum Computing
methods specialized in finding low energy states for the Ising Model and a
binary representation of this formula known as the Quadratic Unconstrained
Binary Optimization (QUBO) model. Therefore, ongoing research projects are
analysing the usage of quantum computers to sample these low-energy states,
instead of the Gibbs Sampling method [1; 9; 10; 24].

These quantum sampling methods are substitutes for Gibbs Sampling, so they
can be applied either during CD or PCD training. Algorithm 4 provides an
example of PCD using quantum sampling.

Algorithm 4 PCD via Quantum Sampling pseudocode
function QuantumSampling(rbm, miniBatches, α)

for miniBatch ∈ miniBatches do
QUBO ← generateQUBO(rbm)
vmodel,hmodel ← QuantumSample(qubo)
for v ∈ miniBatch do

h← p(h|v)
rbm.wij ← wij + α(v[i]h[j]− vmodel[i]hmodel[j]),∀i, j
rbm.ai ← ai + α(v[i]− vmodel[i]),∀i
rbm.bj ← bj + α(h[j]− hmodel[j]),∀j

end for
end for

end function
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In the following chapters, we introduce some basic Quantum Computing
concepts and present these quantum sampling techniques. However, it is
important to highlight that quantum-assisted training consists of replacing
a subroutine of RBM training, usually performed by Gibbs Sampling, with a
quantum algorithm capable of finding low-energy states for the RBM energy
function.



3

Quantum Computing Concepts

In Chapter 4, we will introduce quantum algorithms capable of sampling low-
energy states for functions that are compatible with the energy function of
an RBM. That said, coming from a background outside the field of quantum
technologies might make understanding these quantum methods more difficult.
This chapter presents an overview of the necessary Quantum Computing topics
to understand the aforementioned chapter.

3.1

Qubits

A qubit is analogous to the ‘bit’ from classical computation, where it is the
‘smallest’ unit of information. According to the first postulate of Quantum
Mechanics [25], it is represented by a vector in a two-dimensional complex
vector space (C2) called the Hilbert Space (H2).

Qubits are usually depicted in the Dirac Notation [25], where a column vector
is represented with what we call a ‘ket’ |·⟩ and a row vector is portrayed with
a ‘bra’ ⟨·|, which makes this notation be recognized as the Bra-ket Notation.
It is worth mentioning that for a state |ψ⟩, its ‘row vector representation’ is
its transpose conjugate (|ψ⟩ = ⟨ψ|†). Borrowing from classical computation,
which uses bits with values 0 or 1, we have the |0⟩ and |1⟩ states that are the
ground and excited states, respectively. Their portrayal in the Bra-ket notation
is as follows.

|0⟩ =
1
0

 |1⟩ =
0
1

 , while, ⟨0| =
[
1 0

]
⟨1| =

[
0 1

]
(3-1)

Moreover, an arbitrary qubit |ψ⟩ can be represented by a linear combination
of the |0⟩ and |1⟩ states, as presented in the equation below.



Chapter 3. Quantum Computing Concepts 36

|ψ⟩ = cos θ2 |0⟩+ eiϕ sin θ2 |1⟩ , where
∣∣∣∣ cos θ2

∣∣∣∣2 +
∣∣∣∣eiϕ sin θ2

∣∣∣∣2 = 1 (3-2)

As we will see in Section 3.4, when observing a qubit in the computational
basis, their state collapses to either |0⟩ or |1⟩, where the coefficients that
indicate the linear combination of |0⟩ and |1⟩ can be used to known the
probabilities of |ψ⟩ falling into either state.

Following Equation 3-2, we can graphically represent a qubit |ψ⟩ ∈ C2 using
a Bloch Sphere. Bloch Sphere is a depiction of a qubit as a unitary vector,
parameterized by the values for θ and ϕ, which were introduced in Equation
3-2.

As its name suggests, the Bloch Sphere is a spherical representation, which
allows us to represent a qubit in C2 in a three-dimensional space. The unitary
vector for a qubit |ψ⟩ can be estimated as follows in Equation 3-3, while the
Bloch Sphere is displayed in Figure 3.1.

ψ⃗ = (x, y, z), where

x = cosϕ sin θ

y = sinϕ sin θ

z = cos θ

(3-3)

Figure 3.1: Bloch Sphere
Source:Wikipédia
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3.2

Dirac notation

In the previous section, we have introduced the concept of a qubit and how
its vector representation is denoted in the Dirac notation [25], which is also
known as the Bra-ket notation. Besides shortening the writing of vectors, this
syntax provides a simple way for expressing vector operations, as outlined in
Table 3.1.

Operation Representation
Inner Product ⟨y|x⟩
Outer Product |x⟩⟨y|
Tensor Product |x⟩ ⊗ |y⟩ or |x⟩ |y⟩ or |xy⟩

Matrix Multiplication A |x⟩, ⟨x|A

Table 3.1: Dirac notation for vector operations

In this table, it is worth highlighting that the tensor product is used to
represent multiple qubit states, where the ⊗ symbol in Table 3.1 is the
Kronecker Product. For instance, if we had a two-qubit state |ψ1ψ2⟩, it would
have the following vector notation.

|ψ1ψ2⟩ =
a1

b1

⊗
a2

b2

 =


a1a2

a1b2

b1a2

b1b2

 , where ak = cos θk2 and bk = eiϕk sin θk2 (3-4)

3.3

Operators

Because qubits are vectors in the Hilbert space, operations on them can be
represented as matrices. The second postulate of Quantum Mechanics states
that the evolution of a closed quantum system (without external influences)
can be described by an unitary transformation [25]. Equation 3-5 represents a
state |ψ⟩ going to the state |ψ′⟩ after having an unitary operator (matrix) U
applied to it.

|ψ′⟩ = U |ψ⟩ =
u11 u12

u21 u22

 cos θ
2

eiϕ sin θ
2

 (3-5)
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For context, an unitary operator is an operator that satisfies the following
property.

UU † = U †U = I (3-6)

There are some well known operators, such as the Pauli matrices, the Identity
and the Hadamard operator (H). Considering qubit interactions, there are
operators that act on more than one qubit, such as the CNOT operator. For
easier understanding, Table 3.2 presents these operators, with their respective
matrices and outcomes when applied to an arbitrary state |ψ⟩ = a |0⟩+ b |1⟩.

Label Matrix Result

I
[
1 0
0 1

]
I |ψ⟩ = |ψ⟩

X
[
0 1
1 0

]
X |ψ⟩ = a |1⟩+ b |0⟩

Y
[
0 −i
i 0

]
Y |ψ⟩ = a · i |1⟩ − b · i |0⟩

Z
[
1 0
0 −1

]
Z |ψ⟩ = a |0⟩ − b |1⟩

H 1√
2

[
1 1
1 −1

]
H |ψ⟩ = a |+⟩+ b |−⟩

CNOT


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 CNOT |ψ1ψ2⟩ = a1a2 |00⟩+ a1b2 |01⟩
+ b1a2 |11⟩+ b1b2 |10⟩

Table 3.2: Qubit operators and their respective results

It is worth noting that for the Hadamard operator we have introduced the |+⟩
and |−⟩ terms, which have the following representations in Equation 3-7. These
states denote a superposition between the states |0⟩ and |1⟩, as a2 = b2 = 1/2,
which indicates that they have an equal probability of being measured. In the
next section we will have a better understanding what these probabilities are.

|+⟩ = 1√
2
|0⟩+ 1√

2
|1⟩ , |−⟩ = 1√

2
|0⟩ − 1√

2
|1⟩ (3-7)

Moreover, the CNOT matrix works as a ‘conditional operator’, as if the first
qubit |ψ1⟩ is |1⟩, the state of the next qubit is flipped.
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3.4

Measurements

From the third postulate of Quantum Mechanics [25], quantum measurements
are comprised of a set {Mm} of measurement operators that act on the state
space of the system being measured. The subscript m represents a possible
measurement outcome where, if a system is in a state |ψ⟩, the probability of
the estimation yielding the eigenstate of Mm is:

p(m) = ⟨ψ|M †
mMm |ψ⟩ (3-8)

This concept of measurement from the third postulate comes with a few
requirements. First, the sum of the operators Mm must be in terms of the
completeness equation that guarantees that the sum of all probabilities is equal
to one, as described in the following equations.

∑
m

M †
mMm = I (3-9)

∑
m

p(m) =
∑
m

⟨ψ|M †
mMm |ψ⟩ = ⟨ψ|

(∑
m

M †
mMm

)
|ψ⟩ = ⟨ψ| I |ψ⟩ = ⟨ψ|ψ⟩ = 1

(3-10)

Additionally, there is a specific type of measurement, called Projective Mea-
surement [25]. In this class of measurement, the set of Mm operators, which
we will now label as Pm, are projectors into the eigen-space of an observable
M , that is an Hermitian matrix that has the following spectral decomposition
described in Equation 3-11, where λm is the eigenvalue correspondent to the
projector Pm. Besides being projectors to an eigen-space, Projective Measure-
ments have the particularity of their operators being orthogonal.

M =
∑
m

λmPm (3-11)

For instance, let us consider that we are performing a projective measurement
where the observable is the Pauli Z, where
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Z =
1 0
0 −1

 = 1
1 0
0 0

− 1
0 0
0 1

 = 1P0 − 1P1 (3-12)

Then, following Equation 3-8, the outcome of measuring the p(1) for a qubit
|ψ⟩ = a |0⟩+ b |1⟩ would be:

p(1) = ⟨ψ|P †
1P1 |ψ⟩ (3-13)

As the operators Pm are Hermitian projectors, we can use the fact that
P †
mPm = Pm

p(1) = ⟨ψ|P †
1P1 |ψ⟩ = ⟨ψ|

0 0
0 1

 |ψ⟩ = ⟨ψ| |1⟩ ⟨1| |ψ⟩

= (a ⟨0|+ b ⟨1|) |1⟩ ⟨1| (a |0⟩+ b |1⟩)

= (a ⟨0|1⟩ b ⟨1|1⟩)(a ⟨1|0⟩+ b ⟨1|1⟩) = b2

(3-14)

Projective Measurements also provide the concept of expected value (the
average value) of an observable M . Thus, for a state |ψ⟩, we say that the
average value of M is:

⟨M⟩ψ =
∑
m

λm p(m) =
∑
m

λm ⟨ψ|Pm |ψ⟩

= ⟨ψ|
(∑

m

λmPm

)
|ψ⟩ = ⟨ψ|M |ψ⟩

(3-15)

Thus, considering our arbitrary state |ψ⟩ = a |0⟩+ b |1⟩, ⟨M⟩ψ would be:

⟨M⟩ψ = λ0 a
2 + λ1 b

2 = a2 − b2 (3-16)
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3.5

The Quantum Circuit Model

A sequence of quantum operations on qubits is usually represented in the
quantum circuit model. It has some similarities with the notation of logic
circuits, where we have ‘tracks’ of bits that go through gates, that now are
‘tracks’ of qubits, usually initiated in the |0⟩ state, that go through what we
call ‘quantum gates’ (which are the operators from Section 3.3).

Using the example of a quantum circuit displayed in Figure 3.2, we will explain
some quantum circuit notations and how this representation translates into
actual linear algebra operations.

Figure 3.2: Example of a quantum circuit with 3 qubits

According to DiVincenzo’s criteria [26], qubits are usually initialized in a fixed,
predetermined fiducial state in a quantum circuit, which is usually set to the
ground state |0⟩. Thus, for this example, we have three qubits |0⟩0, |0⟩1 and
|0⟩2, each with their corresponding ‘track’. There is an additional track, with
the c1 symbol, which represents a classical bit that will store the measurement
of the qubit |0⟩0, as we will see later in this explanation.

These three qubits are operated with a total of four quantum gates. Although
some of them were already presented in Section 3.3, here we give a brief
overview of all gates in this circuit.

– X gate: a one-qubit gate that flips the qubit state (from |0⟩ to |1⟩ and
vice-versa)

– Y gate: also a one-qubit gate that flips the qubit state, although adding
a i coefficient as seen in the previous section
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– CNOT gate: a two-qubit gate, known as the controlled-not gate. It takes
a control and target qubits. If the control qubit is in the |1⟩ state, the
target qubit’s state is flipped, as if it were being applied an X gate

– CCNOT gate: a three-qubit gate, known as the Toffoli or controlled-
controlled-not gate. It is similar to the CNOT gate, but it takes two
control qubits and one target. Following the CNOT logic, if both control
qubits are in the |1⟩ state, the target qubit state is flipped

The operations depicted in a quantum circuit are applied in order of appear-
ance, from left to right. Thus, the circuit in Figure 3.2 represents the following
operations.

CCNOT
(
CNOT (X |0⟩0 ⊗ Y |0⟩1)⊗ |0⟩2

)

= CCNOT
(
CNOT (|1⟩0 ⊗ i |1⟩1)⊗ |0⟩2

) (3-17)

We can disregard the imaginary coefficient of |1⟩1 as it will not affect the final
result for this case. Next, as we have a CNOT applied to |11⟩, we flip the
second qubit.

CCNOT
(
CNOT (|1⟩0 ⊗ |1⟩1)⊗ |0⟩2

)

= CCNOT
(
|1⟩0 ⊗ |0⟩1 ⊗ |0⟩2

) (3-18)

As the qubit 1 is in the |0⟩1 state, we do not flip the qubit 2.

CCNOT
(
|1⟩0 ⊗ |0⟩1 ⊗ |0⟩2

)
= |1⟩0 ⊗ |0⟩1 ⊗ |0⟩2 (3-19)

At the end, we perform a measurement on qubit 0. As there is no specification
for the measurement in Figure 3.2, we consider that it is a measurement on the
computational basis. As this qubit is in the |1⟩0 state, we have a probability
of 100% for measuring 1 (according to Equation 3-8). This value is stored in
the classical bit c1.
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3.6

Density Matrices and Mixed States

Now that we have seen how a qubit is operated and measured, there is a more
general way of representing the state of a qubit (or more): via the Density
Matrix (also known as the Density Operator). For a qubit |ψ⟩, one can easily
find its Density Matrix ρ estimating the following outer product:

ρ = |ψ⟩ ⟨ψ| (3-20)

We can substitute the Dirac notation for qubits by density matrices in all
scenarios in which we have represented qubits in this chapter. First, one can
represent a qubit in state ρ in the Bloch sphere retrieving the values for (x, y, z)
in the following equation:

ρ = 1
2

 1 + z x− iy
x+ iy 1− z

 (3-21)

Moreover, operators can be applied to density matrices with no extra effort.
In Section 3.3, we have seen that when applying an operator U to a qubit |ψ⟩,
its state evolves as

U |ψ⟩ = |ψ′⟩ (3-22)

Now, using the density operator notation, we would have:

U |ψ⟩ ⟨ψ|U † = UρU † = ρ′ = |ψ′⟩⟨ψ′| (3-23)

The same follows for measuring a qubit. For a set of measurement operators
Mm, the probability of the estimation resulting the eigenstate of Mm is:

p(m) = tr(M †
mMmρ) (3-24)



Chapter 3. Quantum Computing Concepts 44

More importantly, the main advantage of the density matrix representation
is that, as a more general way of representation, it can depict mixed states.
Instead of being just the outer product of |ψ⟩ by its transpose conjugate, for
a mixed state ρ represents the linear combination in Equation 3-25, where ρ
is a pure state if pi = 1 for some i.

ρ =
∑
i

pi |ψi⟩⟨ψi| (3-25)

A mixed state cannot be represented in the Dirac notation, as one is not able
to estimate the |0⟩ and |1⟩ coefficients from this mixture. For instance, let us
consider the fully entangled Bell State |ϕ+⟩:

|ϕ+⟩ = 1√
2
|00⟩+ 1√

2
|11⟩ (3-26)

We know that this composite state is comprised of two qubits that we might
consider that can be represented as:

|ψ1⟩ = a1 |0⟩1 + b1 |1⟩1 and |ψ2⟩ = a2 |0⟩2 + b2 |1⟩2 (3-27)

And, by taking a look at Equation 3-26, we can rewrite it as:

|ϕ+⟩ = a1a2 |00⟩+ b1b2 |11⟩+ a1b2 |01⟩+ b1a2 |10⟩ ,

where a1a2 = b1b2 = 1/
√

2, a1b2 = b1a2 = 0

(3-28)

For now, we are making a representation of this composite state |ϕ+⟩ in H4.
But what happens if we try to ‘separate’ the states? First, we need to find
values for {a1, b1} and {a2, b2}, with the following constraints:

a1b2 = 0 and a2b1 = 0 (3-29)

Thus, either ai or bj coefficients in each restriction in Equation 3-29 must be 0.
However, there is no assignment that makes a1a2 = b1b2 = 1/

√
2 possible. This



Chapter 3. Quantum Computing Concepts 45

is because the |ψ1⟩ and |ψ2⟩ qubits are found in a mixed state when we try to
represent them separately.

Now, let us represent these states as density matrices. First, we will re-write
the |ϕ+⟩ state as a density operator.

ρϕ+ = |ϕ+⟩⟨ϕ+| = |ψ1⟩⟨ψ1| ⊗ |ψ2⟩⟨ψ2| =


0.5 0.0 0.0 0.5
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.5 0.0 0.0 0.5

 (3-30)

In order to find the state for ρ1, the rules of Quantum Mechanics tell us we
need to perform an operation called the partial trace. In this method, one of
the subsystems is discarded (traced over), according to the following formula:

ρ1 ≡ tr2(ρ), where

tr2(ρ) = tr2(|ψ1⟩⟨ψ1| ⊗ |ψ2⟩⟨ψ2|) = |ψ1⟩⟨ψ1| · tr(|ψ2⟩⟨ψ2|)
(3-31)

Using this method, we can find the state of ρ1 as follows:

ρ1 = tr2(ρϕ+) = tr2(|ϕ+⟩⟨ϕ+|)

= tr2

( 1√
2

(|00⟩+ |11⟩) · 1√
2

(⟨00|+ ⟨11|)
)

= tr2

( |00⟩⟨00|+ |00⟩⟨11|+ |11⟩⟨00|+ |11⟩⟨11|
2

)
= tr2(|00⟩⟨00|) + tr2(|00⟩⟨11|) + tr2(|11⟩⟨00|) + tr2(|11⟩⟨11|)

2

= |0⟩⟨0|1 tr(|0⟩⟨0|2) + · · ·+ |1⟩⟨1|1 tr(|1⟩⟨1|2)
2

= |0⟩ ⟨0|1 · 1 + |0⟩ ⟨1|1 · 0 + |1⟩ ⟨0|1 · 0 + |1⟩ ⟨1|1 · 1
2

= 1
2

1 0
0 0

+
0 0
0 1

 = 1
2I

(3-32)

Thus, density matrices allow us to represent the state of any qubit, whether it
is a pure state or a mixed one.
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Finally, density operators have the following properties:

1. Tr(ρ) = 1

2. ⟨ϕ| ρ |ϕ⟩ ≥ 0,∀ |ϕ⟩ ∈ H

3. Tr(ρ2) = 1⇐⇒ ρ is a pure state

4. Tr(ρ2) < 1⇐⇒ ρ is a mixed state

5. ⟨O⟩ρ = tr(ρO) (this is the density matrix counterpart for expected value,
from Equation 3-15)

3.7

Adiabatic Quantum Computing

Until now, we have demonstrated concepts and applications for the standard
branch of QC, comprised of gate-based operations. However, there is a second
branch of QC that has been shown to be polynomially equivalent to the gate
model [27], known as Adiabatic Quantum Computation (AQC) [28]. In this
section, we will give a brief introduction to this paradigm.

AQC was idealized for finding the ground state of a Hamiltonian, starting from
another Hamiltonian with a known ground state, following the concepts from
the Adiabatic Theorem. According to this theorem, if a system is found in the
ground state and then suffers a slow enough transformation, it should continue
in the ground state.

That being said, the idea behind AQC algorithms is to define an initial Hamil-
tonian (H0), with a known ground state, and the Hamiltonian corresponding
to the problem you want to find solutions for (Hf ). After setting the quantum
system to the ground state of H0, an adiabatic evolution s(t) transitions the
quantum system into Hf , adhering to the following time-varying Hamiltonian
in Equation 3-33, where t varies from 0→ tf .

H(t) = s(t)H0 + (1− s(t))Hf , where

t : 0→ tf ,

s(t = 0) = 1 and s(t = tf ) = 1

(3-33)

The transition from H0 to Hf is required to be slow enough because during
the procedure, the quantum system can jump from the ground state to the
first excited state, thus preventing the algorithm to find the optimal solution.
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According to Equation 3-34 [28], this ‘changing rate’, τ(s), is dictated by the
minimum spectral gap (δm) between the first excited state (λ1) and the ground
state (λGS), where H̃(s) is the equivalent Hamiltonian for H(t), but in the
time scale s : 0→ 1 that evolves at a rate set by tf , from Equation 3-33. The
minimum spectral gap is illustrated in Figure 3.3.

τ(s)≫
|| ∂
∂s
H̃(s)||

(δm)2 (3-34)

Figure 3.3: Illustration of the minimum spectral gap δm between the ground
state λGS and the first excited state λ1 for the Adiabatic Theorem
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Quantum Sampling Techniques

4.1

Ising and QUBO models

As mentioned at the end of Chapter 2, quantum computers can participate in
the classical training process of RBMs by sampling low-energy states that will
be used in the calculation of the learning gradient. This is possible because the
energy function of an RBM is based on the Ising Model, which, when translated
to its quantum version, is compatible with quantum sampling techniques.
The optimization problem for finding a low-energy state in the Ising Model
is depicted in the equation below.

min
s∈{±1}

s′Js + h′s = min
s∈{±1}

n∑
i=1

n∑
j=i+1

Jijsisj +
n∑
i=1

hisi

where J ∈ Rn×n is upper triangular and h ∈ Rn

(4-1)

There is also another optimization problem formulation which can be converted
into the Ising Model known as a Quadratic Unconstrained Binary Optimiza-
tion (QUBO) problem, depicted in Equation 4-2.

min
x∈Bn

x′Q x = min
x∈Bn

n∑
i=1

n∑
j=i+1

Qij xi xj +
n∑
i=1

Qiixi (4-2)

That being said, Quantum Sampling techniques can be perceived as Quantum
Optimization problems where we want to find values that minimize s′Js for
the case of Ising Models and x′Qx for QUBOs.

From their acronym, QUBOs are optimization problems with a quadratic (at
most) objective function, without constraints, and comprised solely of binary
variables. On the other hand, one can notice that the Ising Model in Equation
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4-1 contains variables s ∈ {±1}, thus making it a non-binary optimization
problem. Fortunately, there is a simple mapping between the two models.

– From Ising to QUBO: convert each variable s to x = 1
2(s+ 1)

– From QUBO to Ising: convert each variable x to s = 2x− 1

Furthermore, as we have seen in Subsection 2.6.1, one might need to work with
continuous datasets to model their RBM. This might impose a challenge, as
QUBOs are supposed to have only binary variables (and Ising models only s ∈
{±1} variables). That said, there are some variable encoding techniques that
one can harness to represent continuous data in binary variables. Considering
that there are lengthy calculations involved and that the QUBO reformulation
process is not straightforward, we have dedicated Appendix D to explain how
variable encodings work and to present an example of QUBO reformulation
from a well-known problem in the energy sector.

For the rest of this chapter, we will present Quantum Sampling techniques for
sampling low-energy states from the Ising/QUBO models.

4.2

Variational Quantum Algorithms

The current stage of QC, known as the NISQ Era, is characterized by devices
that are limited to a small number of operations due to hardware constraints.
Amidst this scenario, a class of quantum algorithms has been developed to
address the search for quantum advantage. This family of algorithms, coined as
Variational Quantum Algorithms (VQA) [6], is comprised of hybrid methods,
where a classical computer aids the quantum hardware in performing a specific
task of the protocol.

The main goal of a VQA is to find the optimal parameters θ∗ that minimize
a cost function C(θ), frequently referred to as the loss function. In its generic
format, a VQA can be portrayed as presented in Figure 4.1, where a quantum
circuit estimates the value of the cost function for a given set of parameters θ

and feed it to a classical optimizer, that will be responsible for selecting new
parameters θi+1.

In the next sections, some essential elements of VQAs will be discussed,
followed by the current challenges that this framework presents. The topics
that will be covered require some previous knowledge on Quantum Computing
concepts, which can be found in Chapter 3.



Chapter 4. Quantum Sampling Techniques 50

0
0
0

State Preparation Ansatz

U(θ)

Observable 
Measurement

Classical Optimizer

Figure 4.1: Variational Quantum Algorithm (VQA) schematics

4.2.1

Cost Function

The cost function, or loss, as previously mentioned, is responsible for mapping
the θ parameters to real numbers that can be later assessed by the classical
optimizer.

A more comprehensive representation of the cost function is presented in
Equation 4-3, where ρ represents the initial state, O the observable, and U(θ)
a parameterized operator, representing the so-called ansatz. In sum, the cost
function is the expected value of an observable O for a state ρθ ≡ U(θ)ρU †(θ).

Cρ,O(θ) = tr(OU(θ)ρU †(θ)) (4-3)

Moreover, when working with a QUBO or Ising Model, this observable O is,
actually, a derivation of the Q or J matrices (with a few adjustments).

When outlining a cost function, one needs to adhere to the following desirable
criteria, presented by Cerezo et al [6].

i. A cost function should be consistent with the problem being tackled so
that its minimum value corresponds to the solution of the problem;

ii. Besides mapping the global optimum to the solution of the problem,
smaller values should indicate better results;

iii. The cost function, or its gradient, should be intractable or at least
sufficiently hard to be simulated on classical hardware while being simple
to be estimated on a quantum computer. This requisite is important to
attain quantum advantage;
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iv. The cost function should be trainable, i.e., the θ parameters should be
easy to be optimized.

4.2.2

Ansatz

The Ansatz is a parameterized quantum circuit U(θ) that takes the θ param-
eters to dictate operations, as presented in Equation 4-4, where Wk is a fixed
unitary operation. Figure 4.2 presents an example of ansatz.

U(θ) =
K∏
k=1

Uk(θk)Wk (4-4)

Figure 4.2: Example of an ansatz

The combination of possible parameters for the ansatz compose the accessible
space of solutions U, depicted in Equation 4-5.

U = {U(θ1), U(θ2), . . . , U(θn)} (4-5)

There are two initial important concepts for ansätze. First, “Expressibility”
corresponds to the size of the accessible space of solutions U. Second, con-
sidering a problem A that a VQA is trying to solve, its ansatz is said to be
“complete” if UA∩U ̸= ∅ [29]. That being said, the following cases are possible:

a. an ansatz may be expressive and contain a solution to A;

b. an ansatz may be expressive but not contain a solution to A;

c. an ansatz may be inexpressive and contain a solution to A;

All three scenarios are illustrated in Figure 4.3.
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Figure 4.3: Three possible scenarios for an ansatze: a) expressive and complete;
b) expressive but not complete; c) inexpressive and complete

4.2.3

Current challenges with VQAs

The field of VQAs is a vibrant and ongoing topic. Researchers have been try-
ing to understand and tackle the current challenges that limit this framework.
As previously mentioned, these hybrid quantum-classical parameterized algo-
rithms were presented as candidates for short or medium-term quantum ad-
vantage, as other entirely quantum methods require fault-tolerant hardware.
However, although being designed in the midst of the NISQ era, VQAs still
suffer from noise and other factors that restrict or hamper the search for the
optimal θ parameters in the cost function.

The main agent hindering VQAs is the Barren Plateau (BP) phenomenon,
in which the cost function gradients vanish exponentially with the number of
qubits. The VQA framework uses gradient-based methods to navigate the cost
landscape. As gradients become increasingly small, the cost function becomes
untrainable.

There are different causes for the BP phenomenon, and they have been
intensely investigated over the last few years [29; 30]. However, more recent
results have shown that the proposed methods to escape BPs actually yield
classically simulable circuits [7].

That being said, the usefulness of VQAs in near-term devices is still an open
question, for there are still some special cases where these algorithms might
be useful [7; 31], especially for problem-inspired Ansätze that are not limited
by the current hardware restrictions.

4.2.4

Examples of VQAs
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Variational Quantum Eigensolver

The Variational Quantum Eigensolver (VQE), was designed to find the eigen-
value λ of a Hamiltonian for a given eigenstate |ψ⟩, as follows.

H |ψ⟩ = λ |ψ⟩ (4-6)

When it was first unveiled, Peruzzo et al [32] presented an application for the
VQE on molecule ground state estimation. That being said, the cost function
for this VQA derives from Equation 4-6, where, by adding the θ parameters,
yields Equation 4-7. Iterating on the values for θ, one can find the minimum
eigenvalue λmin for the Hamiltonian, i.e., the ground state energy. This process
is depicted in Figure 4.4.

C(θ) = ⟨ψ(θ)|H |ψ(θ)⟩ (4-7)

Ansatz

U(θ)

Classical OptimizerClassical Optimizer

Figure 4.4: Variational Quantum Eigensolver (VQE) diagram

Considering the current state of quantum computers, the challenges of embed-
ding the molecule Hamiltonian in the loss function must be considered. First,
the number of electrons and nuclei increases the complexity of the Hamilto-
nian. In order to circumvent this issue, some approximations are necessary,
such as the Born-Oppenheimer (BOA) approximation [33], where the nuclei
are treated as stationary particles.

The resulting Hamiltonian from the BOA approximation is configured in
the Fock space. Therefore, considering that quantum computer operations
usually lie within the Hilbert space, one still needs to encode the fermionic
system into qubits. One of the most used mappings is the Jordan-Wigner
Transformation [34], where the fermionic Hamiltonian is rewritten as a sum of
Pauli tensors (e.g. XXY Z for a four-qubit system).
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Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) [35] is another
variant of VQA which uses concepts from AQC (see section 3.7). Analogous
to AQC, the QAOA algorithm also uses an initial Hamiltonian, that is known
as the mixing Hamiltonian (HM) and a final Hamiltonian, labeled as the cost
Hamiltonian (HC).

Considering that VQAs are applied to gate-based quantum computers, these
Hamiltonians are actually encoded into the mixing and cost operators UM(β)
and UC(γ), presented below.

UC(γ) = e−iγHC

UM(β) = e−iβHM
(4-8)

From the time-varying Hamiltonian presented in Equation 3-33 from the AQC
introduction, the time variable t is substituted by a factor p, which represents
how many layers of UC(γ) and UM(β) operators the quantum circuit will have.

Thus, for a starting state |ψ⟩, the following operator is applied.

U(γ,β) = e−iβ1HM e−iγ1HCe−iβ2HM e−iγ2HC · · · e−iβpHM e−iγpHC (4-9)

Then, for each iteration of the QAOA algorithm, the quantum circuit is
measured and a classical optimizer updates the values for the γ and β

parameters. This process is illustrated in Figure 4.5.

Classical Optimizer

Layer 1 Layer P

Cost 
Operator

Mixing 
Operator

Cost 
Operator

Mixing 
Operator

Figure 4.5: Quantum Alternating Operator Ansatz (QAOA) diagram
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It is worth mentioning that the QAOA acronym is also used for an adaptation
for the Quantum Approximate Optimization Algorithm, called the Quantum
Alternating Operator Ansatz [36]. This variant uses different types of mixing
operators that can improve the optimization process.

4.3

Quantum Annealing

Quantum Annealing (QA) is a heuristic quantum algorithm that has a lot
of similarities with Adiabatic Quantum Computing (AQC), from Chapter 3.
It was designed to sample low-energy solutions for the quantum version of
the Ising Model, also known as the Ising Spin Glass or Transverse Field Ising
Model. Before going over its main characteristics, it is essential to introduce
a classical algorithm known as Simulated Annealing, from which we can find
parallels to QA.

4.3.1

Simulated Annealing

Kirkpatrick et al [37] introduced a classical probabilistic algorithm to find the
global optimal value of a given function known as Simulated Annealing (SA).
In contrast with standard methods such as gradient descent that may stop at
a local optima, SA proposes an acceptance probability of moving towards a
worse solution that might lead to a global optima at the end of the search, as
illustrated in Figure 4.6.

Figure 4.6: Example of a Simulated Annealing search, where the global optimal
value is found by going over a ‘worse solution’ than a local minima

The acceptance probability of this algorithm is dictated by the cost difference
between the current value and the new candidate (∆cost) and the current “tem-
perature” T , as presented in Equation 4-10. The temperature is decremented
over each iteration according to a cooling schedule, implementing in-silico the



Chapter 4. Quantum Sampling Techniques 56

annealing process in metallurgy1, a resemblance that was used to name this
algorithm. A pseudo-code for this procedure is outlined in Algorithm 5.

Paccept(T,∆cost) = min(1, exp(−∆/T) (4-10)

Algorithm 5 Simulated Annealing (SA) pseudocode

function SimulatedAnnealing(x = initialState, cost = f(x))
i = 1
while true do

T = coolingSchedule(i++)
xNew = nextCandidate(x)
costNew = f(xNew)
if costNew < cost then

x = xNew; cost = costNew
else if pAccept(T, costNew - cost) then

x = xNew; cost = costNew
else

break
end if

end while

4.3.2

Quantum Annealing

QA was developed around solving optimization problems in the form of an Ising
Spin Glass, presented in Equation , which is the quantum counterpart for the
previously presented Ising Model. According to Catherine McGeoch [28], this
framework was proposed independently by different research groups, such as
in [38; 39; 40; 41].

This algorithm is very similar to the SA procedure, as one can also say that
it has an “acceptance probability” when reaching a possible local minimum.
However, instead of being parameterized by the current temperature, QA has
the transverse field coefficient Γ , also known as the tunneling coefficient [28].

Looking back at the time-varying Hamiltonian for AQC in Equation 3-33, QA
has a very similar equation, as presented below. That being said, at first, Γ (t)

1Annealing (Wikipedia)

https://en.wikipedia.org/wiki/Annealing_(materials_science)
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is initialized with a high value that is gradually decreased as time (t) passes. At
t = 0, the Hamiltonian takes the form of the disordering Hamiltonian HD, that
ensures that the initial superposition of states is equiprobable. Thus, instead
of “jumping over” hills with higher cost, as seen in SA, in QA we escape local
minima by “tunneling through” these landscapes, as illustrated in Figure 4.7.

H(t) = Hf + Γ (t)HD (4-11)

Figure 4.7: Example of a Quantum Annealing, where the global optimal value
is found by “tunneling through” a hill with a higher cost than a local minima

Although SA works for more general optimization tasks, both algorithms work
well for sampling low-energy solutions for the Ising and QUBO models.
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QARBoM.jl

In the introductory chapters of this work we have presented the concept of
RBMs and how one could use QC to aid the training of these neural networks
using quantum sampling algorithms. Considering the possible variants of an
RBM, the different training methods and the available quantum sampling
techniques, we have designed a framework to benchmark the classical and
quantum-aided training procedures.

Although being an agnostic platform, with respect to the training procedure,
this software was named QARBoM.jl (Quantum-Assisted Restricted Boltz-
mann Machine) [12]. In this chapter we will present said framework, explaining
its submodules and dependencies.

5.1

Introduction

QARBoM.jl is an open-source Julia package that has the main purpose of
providing a smooth benchmarking experience between different RBM training
methods, both classical and quantum-assisted. The choice for the programming
language relies mainly on the existence of the QUBO.jl package [42], which
is a software stack dedicated to reformulate general optimization problems
into the QUBO or Ising models and interface with different quantum sampling
devices and algorithms.

Our framework offers three modes of training: Contrastive Divergence, Per-
sistent Contrastive Divergence and Quantum Sampling. That being said, the
main advantage that QARBoM.jl offers is the ability of easily interchanging
classical and quantum-assisted training.

In Chapter 2, we have seen that quantum sampling can be used to draw a
low energy sample from the RBM’s model which is usually estimated using
Gibbs Sampling. Thus, as QARBoM.jl strives for maintaining the comparison
between training methods as fair as possible, Figure 5.1 illustrates an overview
of how our package works.
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Figure 5.1: Simple diagram of QARBoM.jl’s purpose: providing a fair and
simple way of benchmarking quantum-assisted and classical training of RBMs

5.2

QUBO.jl overview

QUBO.jl [42] is an ecosystem for working with Quantum Optimization, where
one can send problems in the QUBO format to different quantum computing
platforms and other quantum inspired methods. It works as an interface
between the JuMP.jl mathematical programming package [43] and quantum
sampling techniques.

Choosing QUBO.jl as the basis for QARBoM.jl’s Quantum Sampling training
was pivotal for two main reasons. First, QUBO.jl provides connection with
different quantum devices, such as IBM and D-Wave’s, and quantum-inspired
classical algorithms. Secondly, this package contain an automatic reformulator
that converts general optimization problems into the QUBO or Ising Formats.
This includes problems that contain continuous variables, which facilitates the
use of Gaussian-Bernoulli RBMs.

In Chapter 6, only QUBO.jl’s extension for D-Wave will be used for the
experiments, a choice that will be justified in that chapter. However, this
ecosystem provides an interface for other platforms and quantum-inspired
classical algorithms, such as QiskitOpt.jl [44], which connects with IBM’s
devices and PySA.jl [45], that is an interface for a Simulated Annealing
algorithm developed by NASA. More information about QUBO.jl’s interface
coverage can be found in its paper [42].
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5.3

QARBoM.jl interface basics

Being developed in the Julia language, QARBoM.jl is able to provide a
simplified interface for different training techniques and RBM types.

In Chapter 2 we have introduced two RBM variants: the Gaussian-
Bernoulli RBM (GRBM) and the RBM for classification. With that said,
QARBoM.jl contains four types of RBMs: RBM, GRBM, RBMClassifier and
GRBMClassifier. Using these different structures allows us to treat each
RBM type with a specific function dispatch. Additionally, for the cases where
there is no necessary distinction between RBM types, we use an abstract type
AbstractRBM.

5.3.1

Training

With an instantiated RBM, one can train the neural network with CD, PCD or
Quantum Sampling. The interface that QARBoM.jl presents for each method
is quite similar as portrayed in Table 5.1, where the main differences are
actually expected according to the training procedure:

– No batch size for CD training (see Algorithm 2)

– No Gibbs Sampling steps for Q. Sampling, as it does not use this sampling
technique

– No Quantum Solver attributes for CD and PCD, as they do not use any
quantum sampling methods

Attribute CD PCD Q. Sampling
Epochs ✓ ✓ ✓

Batch Size ✓ ✓
Gibbs Sampling Steps ✓ ✓

Learning Rate ✓ ✓ ✓
Test Dataset ✓ ✓ ✓

Metrics ✓ ✓ ✓
Early Stopping ✓ ✓ ✓

Saves best iteration ✓ ✓ ✓
Saves results ✓ ✓ ✓

Q. Solver Attributes ✓

Table 5.1: QARBoM.jl’s attributes according to each training method

That being said, Listings 5.1, 5.2 and 5.3 present a simple example of usage
for the QARBoM.jl package for an arbitrary dataset. After instantiating the
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training and test samples, the user can define and RBM that will be then
trained with QARBoM.train!().

It is worth mentioning that for the case of Quantum Sampling, we need
to define a QUBO/Ising solver to receive the RBM’s energy function. This
solver needs to be one of the packages in the QUBO.jl environment and
for Listing 5.3, we have used DWave.jl [46] that has a simulated quantum
annealing method. Moreover, as these quantum samplers have their own
customizable parameters for execution, QARBoM.jl allows its users to define
a “setup function” where these attributes are set. This tailoring step requires
a more advanced knowledge of the JuMP and QUBO.jl packages, but can be
disregarded as it would use default configurations.

Listing 5.1: QARBoM.jl code for training an RBM with Contrastive Diver-
gence� �
using QARBoM

train_data = TRAIN_DATA

test_data = TEST_DATA

N_EPOCHS = 100

rbm = RBM(10,5)

QARBoM.train!(

rbm,

x_train,

CD;

n_epochs = N_EPOCHS,

gibbs_steps = 5,

learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

x_test_dataset = x_test

)� �

Listing 5.2: QARBoM.jl code for training an RBM with Persistent Contrastive
Divergence� �
using QARBoM

train_data = TRAIN_DATA

test_data = TEST_DATA

N_EPOCHS = 100

BATCH_SIZE = 10

rbm = RBM(10,5)

QARBoM.train!(

rbm,

x_train,
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PCD;

n_epochs = N_EPOCHS,

batch_size = BATCH_SIZE,

learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

x_test_dataset = x_test

)� �

Listing 5.3: QARBoM.jl code for training an RBM using Quantum Sampling
via classical Simulated Annealing by D-Wave� �
using QARBoM, DWave

train_data = TRAIN_DATA

test_data = TEST_DATA

MOI = QARBoM.ToQUBO.MOI

MOI.supports(::DWave.Neal.Optimizer, ::MOI.ObjectiveSense) = true

setup = function setup_dwave(model, sampler)

MOI.set(model, MOI.RawOptimizerAttribute("num_reads"), num_reads)

MOI.set(model, MOI.RawOptimizerAttribute("num_sweeps"), num_sweeps)

end

N_EPOCHS = 100

BATCH_SIZE = 10

rbm = RBM(10,5)

QARBoM.train!(

rbm,

x_train,

QSampling;

n_epochs = N_EPOCHS,

batch_size = BATCH_SIZE,

learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

x_test_dataset = x_test,

model_setup=setup,

sampler=DWave.Neal.Optimizer

)� �
5.3.2

Additional features

Besides the standard training interface, there are some optional configurations
that can be set by the user. This section will give a brief overview of these
features.

As QARBoM.jl was envisioned as a benchmarking framework, it is important
for all RBMs to start with the same weights to keep a fair comparison. For that,
the user can pass the weight matrix when creating a new RBM, as presented
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in Code 5.4.

Listing 5.4: QARBoM.jl code for setting a starting weight matrix W� �
using QARBoM

W = randn(N_VISIBLE, N_HIDDEN)

rbm = RBM(N_VISIBLE, N_HIDDEN, W)� �
Additionally, considering the different metrics that one might need to evaluate
during a benchmarking procedure, QARBoM.jl contributors can add their
own metrics to the package that, currently covers Mean Squared Error for
generative training and Accuracy for discriminative training.

At the end of execution, QARBoM.jl stores the outcomes for the evaluated
metrics in each epoch in a CSV file, that can be renamed with the parameter
file_path in the QARBoM.train!() function.

5.4

Quantum Sampling for GRBMs

Although we have presented GRBMs as a possible RBM variant in Chapter
2, using quantum-assisted training with this kind of neural network poses a
challenge, as we need to handle non-binary data. This introduces another layer
of complexity for mapping the energy function from a GRBM into an Ising
Model, as one would need to perform binary expansion on the visible variables
- see Section 4.1 and Appendix D. Such challenge was mentioned in Ajagekar
and You [1], where they had to use a Deep Belief Network (DBN) with a
GRBM and a regular RBM layer. The former would be trained classically,
while the latter would receive the binary values from the first layer and then
be trained with quantum sampling.

That being said, QARBoM.jl is able to circumvent the need for a DBN by
outsourcing the task of “binary reformulation” to QUBO.jl, that encodes
the variables as binary automatically. The only drawback is that the user is
required to inform the maximum and minimum values for each visible variables,
as two vectors, to the QARBoM.train!() function, as presented in Code 5.5.

Listing 5.5: QARBoM.jl code for training a Gaussian-Bernoulli RBM (GRBM)
using Quantum Sampling via classical Simulated Annealing by D-Wave� �
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using QARBoM, DWave

train_data = TRAIN_DATA

test_data = TEST_DATA

max_visible = MAX_VALUES_FOR_VISIBLE_VARIABLES

min_visible = MIN_VALUES_FOR_VISIBLE_VARIABLES

MOI = QARBoM.ToQUBO.MOI

MOI.supports(::DWave.Neal.Optimizer, ::MOI.ObjectiveSense) = true

setup = function setup_dwave(model, sampler)

MOI.set(model, MOI.RawOptimizerAttribute("num_reads"), num_reads)

MOI.set(model, MOI.RawOptimizerAttribute("num_sweeps"), num_sweeps)

end

N_EPOCHS = 100

BATCH_SIZE = 10

rbm = GRBM(10,5)

QARBoM.train!(

rbm,

x_train,

QSampling;

n_epochs = N_EPOCHS,

batch_size = BATCH_SIZE,

learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

x_test_dataset = x_test,

model_setup=setup,

sampler=DWave.Neal.Optimizer,

max_visible = max_visible,

min_visible = min_visible,

)� �
For the case of PCD and CD training, the user only needs to instantiate a GRBM
and QARBoM.jl will use the new condional probabilities defined in Equation
2-18.

5.5

Discriminative training

QARBoM.jl users can also perform discriminative training, following the RBM
classifier variant defined by Larochelle and Bengio [20]. First, it is necessary
to instantiate an RBMClassifier or a GRBMClassifier, informing the
number of visible, hidden and label nodes respectively. Then, the user can call
QARBoM.train!() as usual, but with the possibility of adding a specific
learing rate schedule for the labels. These specifications are presented in Code
5.6. Additionally, it is worth mentioning that our framework was developed to
handle binary labels in the one-hot format 1 and we plan to expand for other

1One-hot encoding: Wikipedia

https://en.wikipedia.org/wiki/One-hot
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formulations in a future work.

Listing 5.6: QARBoM.jl code for Discriminative Training with Persistent
Contrastive Divergence� �
using QARBoM

train_data, label_train_data = TRAIN_DATA

test_data, label_test_data = TEST_DATA

N_EPOCHS = 100

BATCH_SIZE = 10

rbm = RBMClassifier(10,5,3)

QARBoM.train!(

rbm,

x_train,

label_train_data,

PCD;

n_epochs = N_EPOCHS,

batch_size = BATCH_SIZE,

learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

label_learning_rate = [0.001/(jˆ0.6) for j in 1:N_EPOCHS],

x_test_dataset = x_test,

y_test_dataset = label_test_data

)� �
5.6

DBN training

The development of DBN training in QARBoM.jl is still being planned. How-
ever, making use of the multiple-dispatch paradigm from the Julia language, it
is envisioned for QARBoM.jl users to be able to instantiate different types of
RBM layers (with continuous or binary variables), each trained with a chosen
technique (classical or quantum assisted).
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Experiments

For the experimantal part of this work, we will showcase some of QARBoM.jl’s
features that were presented in the previous chapter and how it can expedite
the benchmarking of RBM training between quantum-assisted and classical
methods. With that said, we have chosen a well known open-source dataset
from the field of Process Systems Engineering, which has been extensively used
for fault detection and diagnosis benchmarks.

This dataset is called Tennessee Eastman Process (TEP) [47] and it is
comprised of artificial data from a simulation of a chemical plant. It contains
53 columns that indicate properties of the chemical plant and has 21 operating
modes (classes): 1 normal and 20 different types of faults that can happen in
this industrial plant. More details on each of these operating modes can be
found in [48], while the dataset used for this work is hosted in the Harvard
Dataverse repository [49].

The complexity of the TEP dataset has been reported in several papers over
the past two decades [1; 48; 50; 51; 52; 53], where different techniques were
employed in order to improve the fault detection framework being studied.

Zhang and Zhao [51], for instance, proposed the use of the One-Class-One-
Network (OCON) technique, where they segmented the training for each class
into a specific neural network which, for this case, was a DBN.

Moreover, Xie and Bai [50] used a hierarchical deep neural network (DNN) that
had a similar purpose as the two previous works that were mentioned. This
hierarchical DNN was comprised of 6 DNN, one being a supervisory agent
that was able to read a data sample and address it to another DNN that
was specialized for a specific group of classes. These networks worked on four
groups, disclosed below, where the faults 3, 9 and 15 were not considered for
being too hard to diagnose. The clustering procedure worked by assembling
faults that, when classified by the same DNN, the misclassification rate did
not decrease by 10%. It is worth mentioning that the normal class was also
disregarded, but with no further explanation.
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– Group 1: Fault 2

– Group 2: Faults 12 and 17

– Group 3: Faults 1, 6, 8, 13, 18

– Group 4: Faults 4, 5, 7, 10, 11, 14, 16, 19, 20

Besides Xie and Bai [50], other works mentioned that the faults 3, 9 and 15
had a low classification rate [1; 48; 51], with Zhang and Zhao [51] stating that
faults 5 and 16 were also hard and were often misclassified as a normal state.
This find can actually be noticed in the confusion matrices at the end of the
first experimental section, where faults 3, 5 and the normal state were the
classes with the highest errors (see Figures 6.12, 6.13 and 6.14).

This dataset has also already been tested with quantum-assisted training of an
RBM in a work presented by Ajagekar and You [1] where, similar to Zhang and
Zhao [51], they used a specialized network for each fault class. However, their
learning framework, presented in Figure 6.1, was mainly consisted of other
classicaly-trained neural networks layers besides two quantum-assisted RBMs.
In sum, they have used:

1. Two DBNs, containing a GRBM in the first layer and a regu-
lar (Bernoulli) RBM in the second layer. The first DBN (DBN-N) was
trained using normal data and the second (DBN-F) was modeled after
only one of all possible faults in the dataset. Both DBNs were trained
generatively and only the second layer of each DBN, the that was a
Bernoulli RBM, was trained with the help of a quantum algorithm.

2. Two neural network layers that were not DBNs or RBMs, and that were
classically trained via supervised discriminative learning.

Thus, at the end of the framework presented in Figure 6.1, the output was
either Normal or Fault X, where X was the fault used during training.
Additionally, this framework had to be repeated for each of the 20 faults in the
dataset. This greatly simplified the modeling process, as they had a different
DBN being trained for each fault mode, avoiding any correlation issues between
fault classes that are well known in this dataset.

Moreover, still in their paper on industrial processes [1], they have only
compared quantum-assisted training against the Contrastive Divergence (CD)
algorithm, leaving out an important and more modern classical variant:
the Persistent Contrastive Divergence (PCD). Having only CD to compare,
Quantum Advantage was claimed for quantum-assisted RBMs, although the
majority of the training of their full neural network (Figure 6.1) was classical.
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Figure 6.1: Training framework presented in [1] with one quantum-assisted
layer

The experimental sections are divided as follows. First, we select the normal
operating mode and the first 5 fault classes and try to train a GRBM with
a classification layer, comparing the results for CD, PCD and Simulated
Annealing (SA), which is provided as a “classical simulator” for D-Wave’s
quantum annealers. Then, in the second experiment we go over some techniques
that were employed in previous works to improve the results that we have
presented in the first experiment. Finally, for the last analysis, we experiment
on a real Quantum Annealer from D-Wave and compare its results against the
previous experimental iterations. It will be possible to notice that the choice
of

Before delving into the experiments, it is important to explain the reason
for selecting D-Wave as the quantum platform to be studied, considering
that QARBoM.jl could also interface with IBM’s devices using QUBO.jl.
The motive mainly lies in the long waiting lines for submitting a job to
IBM’s platform. This would impact negatively in the time comparison between
classical and quantum algorithms, besides the fact that it could make the
whole training of an RBM, that requires several quantum sampling procedures,
impractical given the timeline of this project. On the other hand, with an
academic credit program, D-Wave does not have a perceptible waiting queue,
making it the best choice for this experimental section.
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6.1

Initial experiments on the TEP dataset

In this section we perform a comprehensive analysis of several learning configu-
rations for the TEP dataset, using the PCD, CD and SA (from the D-Wave.jl
package). With the intent of presenting results that are easy to interpret, each
training parameter group will be studied separately.

Moreover, as will be seen in a future section, access to Quantum Annealing
hardware is limited, considering that it is offered as a paid cloud service, with a
few trial credits. This justifies the choice for the SA alternative for this section,
where several RBMs will be trained, which would be infeasible to perform in
real devices.

Additionally, for this experimental section, the dataset was simplified. Instead
of the 21 classes, only 6 were considered (faults 1 to 5 and the normal operating
mode). This simplification allowed us to investigate the impact of each training
parameter more thoroughly, but still presented some interesting aspects of the
original data. Also, only a single GRBM with a classifier label was used, as
illustrated in Figure 6.2.

Figure 6.2: Framework for working with the TEP dataset, using 5 faults and
the normal operating mode. The classes are represented using one-hot encoded,
where only a single label vector value is one (for this example is the fault 5).
Besides the label nodes, there are 52 visible nodes xk ∈ R.

Finally, the dataset was splitted into training, validation and test. The learning
curves for the training process were obtained by estimating the accuracy of the
RBM over the validation dataset. At the end of this section, the best RBMs
for each training mode will be selected to classify the test dataset.
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Starting parameters

First, we will consider the starting configuration for the RBM. For this test,
only the weight matrices W and U were considered, while the biases a, b and
c were always instantiated as zero vectors.

We have created 25 possible combinations of weight matrices, selecting 5
starting variants for W and U, where the first one of each matrix is a zero
matrix and the remaining four are random matrices. Then, the following
hyperparameters disclosed in Table 6.1 were selected, where the learning
rate α0 is actually the starting learing rate, for a learning rate schedule of
αx = α0/x0.6, where x is the epoch. Additionally, the training for all methods
had an early stop condition, in case the accuracy decreases, with a patience of
10 epochs.

Parameter CD PCD SA
Learning rate(α0) 1 0.001 0.001 0.001

Batch size - 300 300
Gibbs Sampling Steps 1 1 -

Number of Sweeps - - 100
Patience 10 10 10

1 A decaying learning rate αx = α0/x0.6, where x is the
epoch

Table 6.1: Fixed learning parameters for iterating over different starting
weights

From the results reached for each method are presented in Figures 6.3, 6.4 and
6.5, it is possible to notice that starting from a zero matrix U and a random
W yields better and more stable results, for both quantum-assisted (SA) and
classical modes. Moreover, the results for SA do not display the iteration for a
zero U and zero W matrices because it would yield a “QUBO” with only zero
coefficients at first and this introduces an error for the D-Wave.jl solver.

It is worth highlighting that the profiles for the CD method displayed that the
training quickly diverges, independent of the starting matrices. This behavior
will be analyzed and addressed as we study other parameters.

Number of hidden units

Having investigated the impact of an RBM’s starting weights, another aspect
that is worth analyzing is the number of hidden nodes. The connections
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Figure 6.3: CD Learning curve for different starting matrices W and U.

between the visible and hidden nodes of an RBM are responsible for modeling
the latent features from a dataset. That being said, as the number of hidden
nodes increases, at first it is expected that the classification accuracy follows
the same trend. However, one can find themself in a scenario where the RBM
model overfits, making it hard to classify out-of-sample data.

The number of hidden nodes also comes with computational costs, as the
size of the weight matrices and the hidden nodes’ bias vector also increase.
Furthermore, under the perspective of SA, more specifically real Quantum
Sampling, there is an extra toll: the number of qubits required to map the
QUBO model. Considering the current state of quantum hardware where the
number of qubits is a constraint that limits the size of quantum algorithms,
there is a limit for the number of hidden nodes that one can choose to perform
quantum-assisted training. That being said, although SA is still a classical
algorithm, it simulates a quantum one and inherits the costs of a growing
number of qubits.

For this experiment, we have maintained the same parameters presented in
Table 6.1, with the exception of the number of hidden nodes, which we will
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Figure 6.4: PCD Learning curve for different starting matrices W and U

vary between 50, 100 and 200. Additionally, as the size of the matrices vary,
the value for the W matrix were selected randomly, while the U was initiated
as a zero matrix.

The results presented in Figure 6.6 need to be analyzed in parts. First, the plot
for CD shows that, again, the learning curves diverge quickly, not being able
to maintain the same accuracy as the other methods. The number of Gibbs
Sampling steps (1), combined with learning rate (α = 10−4) are probably the
main contributors for this occurrence. A low number of Gibbs steps introduces
high variance to the gradient approximation and the the large step might be
giving too much weight to this gradient value.

Now, considering the outcomes for PCD, the number of Gibbs Sampling steps
and the learning rate do not seem to have made a negative impact in the
learning curve. The primary reason for that is the fact that the Gibbs Sampling
chains persist over the epochs with the fantasy points (see Subsection 2.5.2).
Moreover, using a batch size of 300 should have damped the effect of the
learning step. Furthermore, the zoomed section of the plot is is very useful to
highlight the influence of the number of hidden nodes for the learning profile,
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Figure 6.5: Quantum Sampling Learning curve for different starting matrices
W and U

as the three curves for the 200-hidden matrices were the ones with the highest
accuracy.

Finally, the learning curves for the SA method do not show a clear difference
between accuracies with 100 and 200 hidden units as PCD results did. The
three 200-hidden nodes variants are among the top 4 best profiles, but there is
a 100-hidden nodes curve that has the third best accuracy at its best epoch.
However, the 50-hidden variables lines are all below 64% accuracy, making it
clear that they are the worst ones.

Number of Gibbs Sampling steps

For this subsection, the number of Gibbs Sampling steps, which is exclusive
for the classical algorithms is studied. In the previous analysis we have seen
that the CD technique falls short in every iteration against its classical and
quantum-assisted counterparts, where one of the reasons for that were the
number of Gibbs Sampling steps, which was actually 1. That being said, we
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Figure 6.6: Learning curves for different numbers of hidden nodes

have analyzed the influence of this parameter for the values 1, 10 and 20, but
fixing the number of hidden nodes to 200 (the best iteration in the previous
experiment) and keeping the starting learning rate and batch size to 0.001 and
300 respectively.

The outcomes presented in Figure 6.7 shows with clarity that using a higher
number of Gibbs Sampling steps helps with the CD’s learning curves. The only
lines that diverge instantly after the first epoch are the ones with 1 step, while
the others persisted for a small number of epochs. It is worth highlighting that
one of the iterations with 20 steps reached the highest accuracy value and was
able to last for more epochs until stopping.

For the case of PCD, the difference between each iteration was very subtle, as
most learning profiles had their best accuracy around 64%.

Number of sweeps

Having investigated the impact of the number of Gibbs Sampling steps, we
now move to a parameter that is specific to the SA technique: the number of
sweeps. This argument is related to the number of times that each spin qubit
is updated in the simulation process. Varying it between 10, 50 and 100, we
can see that, as shown in Figure 6.8, a higher number of sweeps is related to
better accuracy results.
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Figure 6.7: Learning curves for different numbers of Gibbs Sampling steps

Figure 6.8: Learning curves for different numbers of sweeps

Learning rate and batch size

Finally, there are two last parameters that we need to analyze: the learning rate
and batch size. Considering that for the case of PCD and SA, the learning rate
and batch size are related, they will be studied together in this experimental
section. Moreover, it is worth reminding that only the starting learning rate α0

was compared, as the following learning rate function schedule was maintained.

αx = α0

x0.6 , where x is the epoch (6-1)
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Starting with the results for CD, which are presented in Figure 6.9, it is
noticeable that a smaller starting learning rate yields a curve that does not
diverge quickly. Until this point, α0 was fixed at α0 = 10−4 and, from the
beginning, the learning profile has always displayed a fast decay, with a small
improvement when the number of Gibbs Sampling steps was increased to 20.
With that said, using α0 = 10−5 and α0 = 10−6 resulted in accuracies that are
more competitive with the results from PCD and SA.

Figure 6.9: Learning curves for different starting learning rates α0 and initial
matrices W

Now, considering the outcomes for PCD, in Figure 6.10, increasing the batch
size only made the learning profiles more “stable”, although not yielding better
results than the top two accuracies with a batch size of 100. Both of these
results used the standard starting learning rate α0 = 10−4 and, even though
they reached higher accuracies, they diverged quickly right after hitting their
best epoch. It is worth mentioning that in order to simplify the plots, the initial
epochs were cut out from the images, as they did not add much information
to this discussion.

At last, as seen in Figure 6.11, in contrast with PCD, SA provided a better
accuracy using a batch size of 300, but still maintaining α0 = 10−4. It is worth
noting that a smaller learning rate did not contribute to a more stable curve
and even presented a faster decay. Moreover, just as with PCD, the initial
epochs were also disregarded for simplicity.
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Figure 6.10: Learning curves for different starting learning rates α0, batch sizes
and initial matrices W

Figure 6.11: Learning curves for different starting learning rates α0, batch sizes
and initial matrices W

Final analysis

In this section, several learning parameters were analyzed, yielding in best
RBM configurations for each training mode, presented in Table 6.2.

Using these optimized RBM models, Figures 6.12, 6.13 and 6.14 present the
confusion matrices for all three datasets: train, validation and test. These out-
comes show that, overlooking the accuracy that is limited to below 70%, the
RBM models demonstrate good generalization, as the confusion matrices for
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Parameter CD PCD SA
Hidden nodes 200 200 200

Learning rate α0 10−6 10−4 10−4

Batch size - 100 300
GB Steps 20 20 -
Sweeps - - 100
Matrix 3 3 3

Table 6.2: Best training parameters for each training mode

all three datasets are quite similar. Moreover, it seems that there were some
difficulties to analyze the faults 3, 5 and the faultless operating mode (‘Nor-
mal’). From the preliminary discussions in the beginning of this chapter, this
behavior was actually expected and is aligned with outcomes from previous
works.

Figure 6.12: Confusion matrix for CD training over train, validation and test
datasets

Figure 6.13: Confusion matrix for PCD training over train, validation and test
datasets

Furthermore, according to Table 6.3 and the confusion matrices that were
presented, SA provided better accuracies in comparison with the classical
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Figure 6.14: Confusion matrix for SA training over train, validation and test
datasets

training methods. This gain can be perceived in the confusion matrices for
faults 3 and 5.

Dataset CD PCD SA
Train 65.47% 64.96% 66.71%

Validation 64.91% 64.43% 66.36%
Test 66.07% 65.62% 67.56%

Table 6.3: Accuracies for each RBM training over the training, validation and
test datasets

However, even though SA reached higher accuracies, it is still hard to justify
its use over the other methods. Being a classical simulation of Quantum
Annealing, this method is required to mimic the problem that a real quantum
annealer is supposed to tackle, which introduces a large time overhead to train
the RBM at each epoch. Table 6.4 displays the total training time for each
algorithm to achieve the accuracies disclosed in Table 6.3, where it is noticeable
that the time that SA spends at each epoch is over 3.5 times higher than CD
and PCD.

CD PCD SA
Total time (s) 785.469 801.561 14695.0

Epochs 14 15 71
Avg. time ( s

epoch
) 56.11 53.43 206.97

Table 6.4: Time to train, number of epochs required and average time spent
at an epoch for each training method (using the best learning configurations)

This extra duration is mainly related to the fact that SA needs to work with a
QUBO/Ising model that was translated from the RBM’s energy function. And,
as we were working with a dataset that contains continuous variables, during
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the reformulation process, a binary expansion technique had to be applied,
which increased the actual number of variables for the target QUBO problem.

In Appendix D, we have seen that during the binary expansion from continuous
variables, there is a error tolerance constant τ that impacts the number of
binary variables required to represent a continuous one. Using QUBO.jl in a
lower level, it is possible to understand the impact of this reformulation.

As no value for τ was set, QUBO.jl uses the default τ = 0.25. This
configuration yields the following mapping in Table 6.5, where the number
of visible variables goes from 52 continuous to 200 binary, increasing the total
number of variables and thus the number of qubits that the SA algorithm is
required to represent.

Model Visible Label Hidden Total
RBM 52 6 200 258

QUBO 200 6 200 406

Table 6.5: Number of variables before and after the reformulation of an RBM’s
energy function into a QUBO. Notice that the number of visible variables
increases because they are continuous and require binary expansion, while the
label and hidden variables are already binary.

Increasing the value for τ would reduce the number of binary visible variables,
in exchange for a loss in precision. Although this was not studied in this
experimental segment, it will become indispensable for Section 6.3, where the
number of qubits will be a hard constraint.

Summarizing, this experiment tested several training parameters for CD, PCD
and SA. From the results, we have concluded that SA reaches higher accuracies,
but in a considerably slower time. For the next experiments we will analyze
the TEP dataset in more detail and perform quantum-assisted training on a
real quantum computer.

6.2

Experiment 2: A deeper look into the TEP dataset

In the previous experiment, we have trained an RBM for only six classes in the
TEP dataset (normal operation and faults 1 to 5), where we concluded that,
although only considering a fraction of the dataset labels, the classification
accuracy was below 70% for all learning curves. That being said, in this section,
we analyze an alternative way to improve the accuracy scores while classifying
all 21 classes in the dataset.
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Our objective was to develop a framework similar to the one presented by
Ajagekar and You [1], where they have paired 20 RBMs trained generatively
to a Multilayer Perceptron (MLP) that was responsible for classifying the
samples. Although they used specialized DBNs (two connected RBMs), each
trained specifically for one of the 20 faults, we have used a single generative
RBM that received samples for all classes. Additionally, for this experimental
section, we have used Ajagekar and You’s dataset version for the TEP problem,
which was provided in the supplementary section of their submission. Finally,
it is worth disclosing that this dataset variant does not have a distinction
between validation and test data.

We start this section by comparing the training of a single RBM for all
faults using the PCD and SA modes from QARBoM.jl. Then, considering
the shortcomings that will be discussed, we propose combining an RBM to a
MLP in order to improve the results.

For this study, we have considered a different approach for the choice of training
parameters. First, the learning rate schedule was chosen according to a new
function, described in Equation 6-2. Using the learning rate curve described
by this equation, we can avoid vanishing gradients, as there is a fixed final
learning rate that is set with αf . Additionally, adhering to convention in other
ML works, power of two batch sizes (256, 512 and 1024) were tested.

α(x) =αf + (α0 − αf ) · exp(−δ · x),where

α0 and αf are the initial and final learning rates, respectively

x is the epoch

δ is the decay rate
(6-2)

The tested parameters for this analysis are disclosed in Table 6.6, where
different pairs of initial an final learning rates (α0, αf ) were set.

From the outcomes presented in Figures 6.15 and 6.16, there is clearly a
50% accuracy barrier that could not be exceeded by any training iteration.
Furthermore, it is noticeable that there is a sweet spot for the initial learning
rate α0 during PCD training (Figure 6.15), as for α0 ∈ {1−1, 14, 1−5} the
learning curves hit a plateau of 0.332 in accuracy, which is very low compared
to the best iterations with α0 ∈ {1−2, 1−3}, that achieved accuracies above
0.40.
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Parameter Value
Hidden nodes 100

(α0, αf )
(1−1, 1−3);(1−2, 1−3);(1−2, 1−4);(1−2, 1−5);
(1−4, 1−5);(1−4, 1−6);(1−3, 1−4);(1−5, 1−6)

δ 0.1, 0.07
Batch size 256, 512, 1024

Gibbs steps 20
Reads and Sweeps 100

Table 6.6: Training parameters for the discriminative training of an RBM using
the TEP dataset. Note that the gibbs steps value is exclusive to the PCD
training procedure, while the reads and sweeps values are solely for the SA
training.

Figure 6.15: Learning curves for RBM classification training using Persistent
Constrastive Divergence for 21 labels from the TEP dataset. There are only
5 visible curves in this plot because the learning curves with starting learning
rates α0 ∈ {1−1, 1−4, 1−5} presented overlapping fixed learning curves after the
first epoch with an accuracy of 0.332.

In contrast, the SA training presented in Figure 6.16 had all learning iterations
with their best accuracy above 0.4, but with a drawback: most of them had a
high standard deviation. That being said, the plot was divided in two graphs
to facilitate its understanding. Again, it is evident that there is also a learning
schedule sweet spot, as the higher values for α0 (1−1, 1−2, 1−3) were very noisy,
while the smallest value α0 = 1−5 hit a plateau with an accuracy below 0.425.
Additionally, despite the fact that SA reached higher accuracies, besides the
noisy and unpredictable curves, its highest value was 0.496.
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Figure 6.16: Learning curves for RBM classification training using Simulated
Annealing for 21 labels from the TEP dataset. Notice that, although having
a higher starting learning rate α0, the best accuracies presented very noisy
learning curves.

In conclusion, discriminative training for the 21 classes in the TEP dataset
using a single RBM never surpassed the 50% accuracy threshold. At this step,
we outlined three possible options to address this shortcoming:

1. Increase the number of hidden units

2. Implement a Deep Belief Network

3. Combine an RBM to another neural network

In the first experimental section, we have seen that increasing the number of
hidden units did have an impact in the accuracy, but between 100 and 200 hid-
den units there was only a small difference (see Figure 6.6). Moreover, imple-
menting a Deep Belief Network requires further development of QARBoM.jl
that would not fit within the time constraints of this thesis.

Therefore, it was decided to experiment combining an RBM to a MLP, that
would be responsible for receiving the hidden node values from an RBM and
using them for classification. The RBM would be responsible for modeling the
52 visible features of the TEP dataset generatively, without classifying them.
After being trained, the RBM would be used on the dataset again, feeding the
hidden node values, along to their corresponding label from the dataset, to a
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MLP. Figure 6.19, that will be discussed in more depth later, illustrates this
framework.

6.2.1

Generative RBM training

For the generative training, we have trained different RBMs, using the PCD
and SA procedures, with the parameters presented in Table 6.7. Additionally,
as the TEP dataset values remain continuous, a GRBM was still required for
this experiment.

Parameter Value
Hidden nodes 100

α0 0.01, 0.001
αf 0.001, 0.0005
δ 0.1, 0.05

Batch size 256, 512, 1024
Gibbs steps 20

Reads and Sweeps 100

Table 6.7: Training parameters for the generative training of an RBM using the
TEP dataset. Note that the gibbs steps value is exclusive to the PCD training
procedure, while the reads and sweeps values are solely for the SA training.

The learning progress of these RBMs was evaluated using the Mean Squared
Error metric, comparing the test samples with their reconstruction by the
RBM (see Figure 6.17 for an illustration on reconstruction).

Figure 6.17: RBM reconstruction illustration. A sample is fed to the RBM,
which then samples hidden nodes given the input values. After estimating
values for the hidden nodes, the RBM samples the values for the visible nodes,
given the sampled hidden ones.

After iterating over the parameters described in Table 6.7, the minimum values
found for PCD and SA training were 57.82 and 102.03, respectively, using the
arguments displayed in Table 6.8. Moreover, the learning curves for these RBM
variants are presented in Figure 6.18, where it is possible to notice that the
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PCD training outperformed the SA procedure, as it did not reach a plateau in
the early epochs.

Parameter PCD SA
Hidden nodes 100 100

α0 1−2 1−2

αf 1−4 1−4

δ 0.1 0.07
Batch size 512 256

Gibbs steps 20 -
Reads and Sweeps - 100

Table 6.8: Best parameters found for PCD and SA generative training

Figure 6.18: Mean Squared Error learning curve for the best RBM variants
using PCD and SA training.

6.2.2

RBM-MLP discriminative training

Having the two best RBMs trained generatively with PCD and SA, we were
able to attach each of them to a MLP and train it using the data from the
hidden nodes from its corresponding RBM. However, the data from the hidden
variables is treated in a normalization step before the visible layer of the MLP
consuming it. This normalization step uses the mean (µTrain) and standard
deviation (σTrain) of the RBM’s hidden node values for the training dataset.

Moreover, the chosen MLP network had one hidden and one output layers, of
128 and 21 nodes, where the last one is responsible for classifying the data.
Therefore, considering that the trained RBMs were comprised of 100 hidden
nodes, the full MLP structure was 100 x 128 x 21, with a ReLU activation
function1 between the visible and hidden layers, and a Softmax function

1ReLU activation function: https://en.wikipedia.org/wiki/Rectifier_(neural_networks)

https://en.wikipedia.org/wiki/Rectifier_(neural_networks)
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between the hidden and output layers2. This configuration is illustrated in
Figure 6.19.

Figure 6.19: RBM-MLP framework for categorizing the 21 classes of the TEP
dataset. First, a generative trained RBM (with either PCD or SA methods)
receives a sample from the datataset. Then it feeds normalized values from
its hidden units. Finally, the MLP network, which is comprised of one hidden
and one classification layer labels the input sample with one of the 21 possible
classes.

As MLPs are not the focus of this thesis, they were used solely as a device to
validate whether it would be possible to improve the results from an RBM.
Thus, in this experimental section, the training parameters of the MLPs
were not tuned using a grid search, as commonly seen with RBMs for this
experimental chapter. In this regard, in order to use a QARBoM.jl RBM
combined with a MLP, we have used Flux.jl’s [54] MLP instance.

Flux.jl is a Machine Learning (ML) library written in Julia, that is
comprised with several ML models and training procedures. Having two Julia
packages allows us to seamlessly integrate QARBoM.jl and Flux.jl code.

Besides evaluating the improvement in classification accuracy of an RBM-MLP
model compared to an RBM, it is important to check the performance of a
single MLP. Therefore, for this benchmark, we have also considered a single
MLP with the following structure: 52 x 128 x 64 x 21. Notice that the visible
layer is not comprised of 100 variables because it is not attached to a 100
hidden node RBM. It receives the data samples from the TEP dataset just as
the visible nodes from an RBM do. Additionally, the single MLP has one more
hidden layer because it is not connected to any other neural network and we
aiming for a more fair comparison.

All MLP instances were trained for 300 epochs, yielding the results with the
test dataset presented in Figure 6.20, where it is clear that combining an RBM
with a MLP improves the accuracy results.

2Softmax activation function: https://en.wikipedia.org/wiki/Softmax_function

https://en.wikipedia.org/wiki/Softmax_function
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Figure 6.20: Learning curves for three different neural network combinations:
(i) a single MLP; (ii) an RBM trained with PCD attached to a MLP; (iii)
an RBM trained with SA attached to a MLP. Notice that combining an RBM
with a MLP, regardless of the training procedure, yields a higher classification
accuracy.

After the training procedure, all three network variants (PCD-MLP, SA-MLP
and MLP) were used to generate confusion matrices for all 21 classes in the
TEP dataset using test samples. These matrices are presented in Figures 6.21,
6.22 and 6.23, where it is possible to draw some conclusions. First, the SA-
MLP and PCD-MLP configurations presented very similar accuracies (0.76
and 0.758 respectively), both having difficulties to classify faults 3, 9, 15
and 19. It is worth recalling the review of previous works on the TEP
dataset in the beginning of this chapter, where it was mentioned that other
papers [1; 48; 50; 51] had already found challenges for classifying faults 3, 9
and 15.

Moreover, the single MLP setting presented a clear mislabeling issue where
it classified multiple classes as fault 20. This network has also presented
difficulties for labeling the challenging faults 3, 9 and 15, besides the normal
class.

In sum, although a single MLP already provided better results than a single
RBM, trained with either PCD or SA, combining both networks yielded a
better classification framework. This outcome lays the groundwork for an
investigation on Deep Belief Networks, that will be considered as a future
work.
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Figure 6.21: Confusion matrix for classifying the 21 classes of the TEP dataset,
using an RBM (trained with PCD) paired with a MLP.



Chapter 6. Experiments 89

Figure 6.22: Confusion matrix for classifying the 21 classes of the TEP dataset,
using an RBM (trained with SA) paired with a MLP.
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Figure 6.23: Confusion matrix for classifying the 21 classes of the TEP dataset,
using a MLP.

6.3

Experiment 3: Quantum Sampling on a real Quantum Annealer

In this experimental section, we finally study the quantum-assisted training of
an RBM with a real quantum annealer from D-Wave, using the same dataset
from Section 6.1, with 6 classes (1 normal operating mode and 5 faults).

The same package that was used for Simulated Annealing (DWave.jl)
also provides interface with real quantum annealers, with just a few code
adjustments. However, as presented in the following subsection, there are some
hardware restrictions that require further adaptations.
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6.3.1

Adaptations for D-Wave hardware

In Section 6.1, when using SA, adding more nodes to an RBM had only an
impact on the simulation time, as more variables introduced more complexity.
However, in real Quantum Annealing, if the number of qubits surpasses the
quantum hardware’s size, performing any computation becomes impossible.
That said, as will be discussed, during the QUBO reformulation, binary
expansion precision had to be lowered to a smaller number of variables in
the final QUBO model, along with the number of hidden units of the RBM,
which, for the SA case, was 200 in its best iteration (see Section 6.1).

Additionally, there is an extra challenge related to the number of variables:
the embedding of qubits in the quantum chip. When mapping the QUBO
problem into the hardware, the connectivity between qubits need to be taken
into account, as the qubit topology of any quantum device is not a fully
connected graph. Moreover, in order to make an embedding fit, auxiliary qubits
could be added to the problem which, again, might stumble into the qubit
amount constraint. This process of sending a reformulated QUBO into D-
Wave’s platform, which is then embedded and solved by a quantum device,
is illustrated in Figure 6.24. For more details about embedding algorithms
and D-Wave hardware, please refer to Klymko et al [55] and the D-Wave
documentation3.

Figure 6.24: Workflow of the RBM’s energy function being sent to a D-Wave’s
device. QARBoM.jl uses QUBO.jl to reformulate the energy function E(v,h)
into a QUBO, which is then sent to D-Wave’s cloud service. After being
uploaded, this QUBO model rewritten by an embedding algorithm in order
to fit the quantum hardware’s topology.

Having these two related issues in mind, it was necessary to alter the binary
expansion precision during the QUBO reformulation of the RBM’s energy func-
tion. As disclosed in Appendix D, when representing a continuous variable with

3D-Wave Documentation - Topologies (link)

https://docs.dwavequantum.com/en/latest/quantum_research/topologies.html#qpu-topologies
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binary ones, it is important to set a value for representation error τ , which is re-
lated to the precision of the binary expansion. Increasing τ reduces the quality
of the reformulation in exchange for a smaller number of variables in the final
QUBO. This parameter, which in QUBO.jl has a default value of 0.25, can be
altered inside QARBoM.jl’s variable_encoding_tolerance argument,
as depicted in the code snippet bellow.

Listing 6.1: QARBoM.jl code for altering the binary expansion error τ� �
using QARBoM, D-Wave

rbm = GRBM(10,5)

QARBoM.train!(rbm,

...

QSampling;

model_setup=model_setup,

sampler=D-Wave.Optimizer,

variable_encoding_tolerance = 0.30

...

)� �
Besides the physical restrictions of quantum hardware, which we can circum-
vent by changing the encoding error tolerance or the number of nodes in the
RBM, the process of embedding a QUBO function, which is a classical algo-
rithm, introduces a time overhead during the training process. Fortunately, in
a lower level control of D-Wave’s devices, it is possible to save the embedding
map in a first run and reuse it for the remaining sampling routines.

Thus, before conducting the actual experiment, different RBM model and
QUBO encoding variants were tested to check whether there was an embedding
for each configuration and, if it had, this mapping was saved. Unfortunately,
ranging the encoding error tolerance τ from 0.25 to 0.40, no encoding was
found for 100 or 200 hidden units. The best (lowest) value found was τ = 0.30
for 50 hidden units which, based on SA results from Figure 6.6, at first glance,
could impact negatively in the accuracy.

As an illustration of how this representation error impacts on the total number
of variables sent to the quantum computer, Figure 6.25 displays the differences
for each value of τ ∈ [0.01, 1.0] on the reformulation performed by ToQUBO.jl,
using an RBM with 52 visible and 6 label units. It is worth noting that, for
this case, the amount of hidden units in the RBM only adds a constant value
to the total number of variables in the resulting QUBO, as only the visible
units take continuous values that need to be expanded into binary variables.



Chapter 6. Experiments 93

Figure 6.25: Impact of the encoding error τ ∈ [0.01, 1.0] on the total number
of variables of the reformulated QUBO function from the RBM model, consid-
ering 50, 100 and 200 hidden units.

6.3.2

Classical parameter grid search

Performing the same comprehensive grid search of training parameters as in
Section 6.1 would require several computing credits on D-Wave cloud. Thus,
in order to mitigate this expense, a grid search was performed using SA from
D-Wave again, but using a QUBO with the same number of variables that
would be sent to a D-Wave device.

As we were more concerned with the outcome of the real quantum experiment,
which could not be repeated several times, this evaluation was more detailed
with the selection of parameters, using new learning rate schedules that
followed the equation below, where different values for αfinal, α0 and δ (the
decay rate for α) were tested.

αepoch = αfinal + (α0 − αfinal) exp(−δ ∗ epoch) (6-3)

The arguments for the best training version are displayed in Table 6.9. Notice
that the learning rates for the visible and label units are actually different,
which is a feature that QARBoM.jl provides. Moreover, the power of two
batch sizes from Section 6.2 were used again, yielding a best batch size of
256. The learning curve for this iteration is presented in Figure 6.26, alongside
the real QA procedure, where it is possible to notice that, although we have
used an inferior QUBO representation, with higher error tolerance and lower
number of hidden units, the best accuracy was as competitive as the ones from
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Section 6.1, which used 200 hidden units. A good reason for that is probably
the learning rate schedule, which prevented vanishing gradients.

Parameter Value
Label initial learning rate (αL0 ) 0.01
Label final learning rate (αLfinal) 0.001
Label learning rate decay (δL) 0.07

Generative initial learning rate (α0) 0.001
Generative final learning rate (αfinal) 0.0001

Generative learning rate decay (δ) 0.07
Batch size 256

Sweeps 100
Reads 100

Table 6.9: Best Simulated Annealing training parameters for an RBM with 52
continuous visible, 6 binary label and 50 hidden units, using an encoding error
τ = 0.3

6.3.3

Quantum-assisted training

Having the training parameters selected from the SA grid search, there were
just two parameters left to adjust, that are specifically related to the quantum
annealer that DWave.jl provides: the annealing time and the number of
reads. Trying different values for these arguments, the best iterations had
a maximum accuracy of 0.6051 and 0.6011 for 50 and 100 microseconds
respectively, both using 100 reads. The learning curves are compared against
the best SA iteration in Figure 6.26.

Figure 6.26: Learning curves for real Quantum Annealing (QA) from D-Wave
using an annealing time of 50µs and 100µs, against Simulated Quantum
Annealing
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Although not achieving the best outcome, it is still unclear whether QA
could perform a better training than SA, as with the limited computing time
available it was not possible to conduct a comprehensive parameter grid search.
Instead, as mentioned, it used the best training parameters for the SA training
procedure. However, the best accuracies for QA and SA are not too distant,
which validates the importance of benchmarking Quantum-Assisted training
of RBMs using QARBoM.jl.
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Conclusions

As discussed in Chapter 1, QC has several potential applications to be explored
such as in Chemical Engineering, Machine Learning and Optimization. How-
ever, as a proof of Quantum Advantage is yet to be presented for a real-world
problem, there is a need for benchmarking tools capable of establishing a fair
environment for comparing classical and quantum algorithms.

That said, QARBoM.jl is able to fill the gap for benchmarking tools for RBM
training, where QC can be used as a replacement for a subroutine that is
currently performed by a classical approximation algorithm (Gibbs Sampling).
Additionally, as we have seen in chapter 6, besides quantum methods, any
method capable of sampling low energy states for a QUBO or Ising Model,
such as Simulated Annealing, can be used as a candidate to aid the training
of RBMs.

Being an open-source Julia package, QARBoM.jl is accessible for any research
group interested in evaluating RBM training with different types of algorithms,
both classical and quantum. However, using QARBoM.jl with real quantum-
sampling requires privileged access to quantum hardware, considering queue
and computing time constraints.

Future works can contemplate different features for this package. First, as
stated in Chapter 5, QARBoM.jl still lacks methods for working with DBNs,
where each layer should be optimized with any of the training methods
developed for regular RBMs. Moreover, QARBoM.jl leverages Julia’s multiple
dispatch paradigm, making it easy for its users to include new training
algorithms that could be contemplated in a future benchmark.

Another area for improvement is the expansion of QABoM.jl RBM coverage
for other Energy Based Models, such as Boltzmann Machines and Hopfield
Networks. This might require the creation of a new library that contains
QARBoM.jl.
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Considering the different devices and methods capable of performing Quantum
Sampling, QARBoM.jl users can just make use of QUBO.jl’s extension pack-
ages for sampling solutions for QUBOs in quantum computers. As QUBO.jl’s
environment develops, there will be more quantum-assisted training options
for QARBoM.jl.

Finally, the experiments presented in Chapter 6 highlighted the current draw-
backs of quantum computers, that limit the size of the RBM that can be trained
using quantum-assisted algorithms. As we move from the NISQ Era towards
a Fault-Tolerant Quantum Computing Era, it is expected that we will be able
to perform more comprehensive benchmarks between quantum-assisted and
classical training of RBMs. However, there has been a change in the accessi-
bility to real quantum computers over the last few years, as the interest in this
technology increases and the hardware improves. Thus, as already discussed in
this chapter, even though QARBoM.jl is an open-source library, researchers
need to acquire privileged access to perform their experiments.
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Conditional probabilities

In Section 2.3, we have disclosed that estimating the conditional probabilities
for each node is as simple as:

p(hj = 1|v) = σ(bj +
∑
i

wijvi)

p(vi = 1|h) = σ(ai +
∑
j

wijhj), where σ(x) = 1/(1 + e−x)
(A-1)

In this appendix, we will go over some lengthy manipulations that get us to
these simple equations. First, let us rewrite Equation 2-8:

p(h|v) = p(v,h)
p(v) = exp(−E(v,h))/Z∑

n exp(−E(v,h′n))/Z (A-2)

Dividing the numerator and denominator by 1
Z

and expanding the energy
function E:

p(h|v) =
exp(∑i aivi +∑

j bjhj +∑
ij wijvihj)∑

n exp(∑i aivi +∑
j bjh′n

j +∑
ij wijvih′n

j)
(A-3)

Separating the sum over all visible nodes makes it simple to remove them from
the fraction

p(h|v) =
exp(∑i aivi) exp(∑j bjhj +∑

ij wijvihj)
exp(∑i aivi)

∑
n exp(∑j bjh′n

j +∑
ij wijvih′n

j)
(A-4)
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p(h|v) =
exp(∑j bjhj +∑

ij wijvihj)∑
n exp(∑j bjh′n

j +∑
ij wijvih′n

j)
(A-5)

Simplifying the denominator

For the next step of our manipulations, we need to rearrange the denominator
from Equation A-5. First, we know that ∑n is summing over all possible values
that the h vector can take. Considering that h ∈ BH , where H = dim(H), we
can expand the summation as

∑
n

exp(
∑
j

bjh′n
j +

∑
ij

wijvih′n
j)

= exp(
∑
j

bjh′1
j +

∑
ij

wijvih′1
j) + · · ·+ exp(

∑
j

bjh′N
j +

∑
ij

wijvih′N
j)

(A-6)

Considering that each h′n is a possible value for the h vector, if dim(h) = 3, for
instance, one could say that h′1 = [0, 0, 0], h′2 = [0, 0, 1] and so on. With that
in mind, we can drop the vector notation and consider each hidden variable
value as h=0

j if the j-th hidden variable is zero and h=1
j in the case that it is

equal to one. Using this new notation, it is possible to rewrite Equation A-6
as

exp
(
[b1h

=0
1 + b2h

=0
2 + · · ·+ bHh

=0
H ] +

∑
i

[wi1vih=0
1 + · · ·+ wiHvih

=0
H ]
)

+ exp
(
[b1h

=0
1 + b2h

=0
2 + · · ·+ bHh

=1
H ] +

∑
i

[wi1vih=0
1 + · · ·+ wiHvih

=1
H ]
)

+ · · ·

+ exp
(
[b1h

=1
1 + b2h

=1
2 + · · ·+ bHh

=1
H ] +

∑
i

[wi1vih=1
1 + · · ·+ wiHvih

=1
H ]
)

(A-7)

After this manipulation, we can factor out each hj variable:
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exp
(
h=0

1 [b1 +
∑
i

wi1vi] + · · ·+ h=0
H [bH +

∑
i

wiHvi]
)

+ exp
(
h=0

1 [b1 +
∑
i

wi1vi] + · · ·+ h=1
H [bH +

∑
i

wiHvi]
)

+ · · ·

+ exp
(
h=1

1 [b1 +
∑
i

wi1vi] + · · ·+ h=1
H [bH +

∑
i

wiHvi]
)

(A-8)

At this step, inside each exp() term, we have a sum of dim(h) = H terms. Let
us rewrite these sums as products of exponentials.

exp
(
h=0

1 [b1 +
∑
i

wi1vi]
)
× · · · × exp

(
h=0
H [bH +

∑
i

wiHvi]
)

+ exp
(
h=0

1 [b1 +
∑
i

wi1vi]
)
× · · · × exp

(
h=1
H [bH +

∑
i

wiHvi]
)

+ · · ·

+ exp
(
h=1

1 [b1 +
∑
i

wi1vi]
)
× · · · × exp

(
h=1
H [bH +

∑
i

wiHvi]
)

(A-9)

Now we can factor each exp
(
h=0
j [bj +∑

iwijvi]
)
. Starting with j = 1:

exp
(
h=0

1 [b1 +
∑
i

wi1vi]
)[

exp
(
h=0

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=0
H [bH +

∑
i

wiHvi]
)

+ · · ·

+ exp
(
h=1

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=1
H [bH +

∑
i

wiHvi]
)]

+ exp
(
h=1

1 [b1 +
∑
i

wi1vi]
)[

exp
(
h=0

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=0
H [bH +

∑
i

wiHvi]
)

+ · · ·

+ exp
(
h=1

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=1
H [bH +

∑
i

wiHvi]
)]

(A-10)

As we have factor the exponential terms for h1 = 0 and h1 = 1, yielding two
terms, we can rewrite it as follows.
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∑
h1∈{0,1}

exp
(
h1[b1 +

∑
i

wi1vi]
)[

exp
(
h=0

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=0
H [bH +

∑
i

wiHvi]
)

+ · · ·

+ exp
(
h=1

2 [b2 +
∑
i

wi2vi]
)
× · · · × exp

(
h=1
H [bH +

∑
i

wiHvi]
)]

(A-11)

Continuing to factor each exp
(
h=0
j [bj +∑iwijvi]

)
term and using the ∑hj∈{0,1}

maneuver, we would get the following.

∑
h1∈{0,1}

exp
(
h1[b1 +

∑
i

wi1vi]
)[

∑
h2∈{0,1}

exp
(
h2[b2 +

∑
i

wi2vi]
)[
· · ·

[ ∑
hH∈{0,1}

exp
(
hH [bH +

∑
i

wiHvi]
)]]]

(A-12)

Rearranging:

∑
h1∈{0,1}

exp
(
h1[b1 +

∑
i

wi1vi]
)
× · · · ×

∑
hH∈{0,1}

exp
(
hH [bH +

∑
i

wiHvi]
)

(A-13)

Observing Equation A-13, each exp
(
hj[bj + ∑

iwijvi]
)

term can take the
following values:

exp
(
hj[bj +

∑
i

wijvi]
)

=

1, if hj = 0

exp(bj +∑
iwijvi), if hj = 1

(A-14)

Thus, it is possible to rewrite each summation term as

∑
hj∈{0,1}

exp
(
hj[bj +

∑
i

wijvi]
)

= (1 + exp(bj +
∑
i

wijvi)) (A-15)
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Finally, as we once had a product of exponentials in Equation A-13, we now
have the following simplified denominator.

∑
h1∈{0,1}

exp
(
h1[b1 +

∑
i

wi1vi]
)
× · · · ×

∑
hH∈{0,1}

exp
(
hH [bH +

∑
i

wiHvi]
)

=
∏
j

(1 + exp(bj +
∑
i

wijvi))

(A-16)

Finding the simplified conditional probability

Now that we have a simpler denominator, let us replace it in Equation A-5:

p(h|v) =
exp(∑j bjhj +∑

ij wijvihj)∏
j(1 + exp(bj +∑

iwijvi))
(A-17)

We can simplify the equation even further working on the numerator.

p(h|v) =
exp(∑j bjhj +∑

ij wijvihj)∏
j(1 + exp(bj +∑

iwijvi))
=

exp(∑j bj[hj +∑
iwijvi])∏

j(1 + exp(bj +∑
iwijvi))

(A-18)

Manipulating the exponential:

p(h|v) =
exp(∑j bj[hj +∑

iwijvi])∏
j(1 + exp(bj +∑

iwijvi))
=

∏
j exp(bj[hj +∑

iwijvi])∏
j(1 + exp(bj +∑

iwijvi))
(A-19)

Concluding, considering that the hidden variables are independent, given the
visible variables, we can write p(h|v) as

p(h|v) =
∏
j

exp(bj[hj +∑
iwijvi])

(1 + exp(bj +∑
iwijvi))

=
∏
j

p(hj|v) (A-20)
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Finally, from Equation A-20, it is noticeable that p(h|v) does not require
iterating over all possible states of the visible or hidden nodes. Thus, it can
be estimated in polynomial time. Moreover, one can estimate the conditional
probability for a single node, as follows.

p(hj = 1|v) = exp(bj +∑
iwijvi)

1 + exp(bj +∑
iwijvi)

(A-21)

Which can be rearranged to:

p(hj = 1|v) = exp(bj +∑
iwijvi)

1 + exp(bj +∑
iwijvi)

· exp(−bj −
∑
iwijvi)

exp(−bj −
∑
iwijvi)

= 1
1 + exp(−bj −

∑
iwijvi)

(A-22)

This probability can be represented by the sigmoid function σ(x) = 1/1 +
exp(−x)

p(hj = 1|v) = σ(bj +
∑
i

wijvi) (A-23)

The same simplifications performed in this appendix can be applied for the
visible nodes, yielding:

p(vi = 1|h) = σ(ai +
∑
j

wijhj) (A-24)



B

Calculating learning gradients

In Section 2.5, we defined the objective function in Equation B-1 for training
RBMs. In this optimization problem we are trying to maximize the value of
log p(v) over a set of decision variables Θ = {W, a,b}.

max
Θ

log p(v) (B-1)

These variables appear inside the probability p(v), which depends on the
Energy Function of the RBM and a partition function Z, as defined in Equation
B-2, where:

– Upper-case and bold letter W represent the matrix of weights for the
RBM

– Lower-case bold letters a,b depict the vectors of bias terms for visible
and hidden nodes, while v,h represent the vectors of visible and hidden
nodes, respectively

– v′ = {v′1, · · · ,v′M} and h′ = {h′1, · · · ,h′N} are sets that represent all
the possible values that each visible and hidden vector can take

– v′m and h′n portray the m-th and n-th possible values for the visible and
hidden nodes vectors, respectively.

– v without a superscript is a training data sample
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p(v) = 1
Z

∑
n

exp(−E(v,h′n))

=
∑

n exp(vTWh′n + aTv + bTh′n)∑
m,n exp(−E(v′m,h′n)

=
∑

n exp(vTWh′n + aTv + bTh′n)∑
m,n exp(v′mTWh′n + aTv′m + bTh′n)

(B-2)

The objective function in Equation B-1 is optimized via gradient descent,
taking partial derivatives over each decision variable W, a,b. However, as
mentioned in Section 2.5, estimating the gradient for Equation B-1 can be
a daunting task.

Fortunately, there are some algebraic manipulations one can apply in order
to simplify the gradient equations. In this appendix, we will go through these
simplifications, which have been taken from Fischer and Igel [15] and professor
Hugo Larochelle’s online course on Neural Networks 1.

First, let us expand log p(v).

log p(v) = log
(∑

n
exp(−E(v,h′n))/Z

)

= log
(∑

n
exp(−E(v,h′n))

)
− log (Z)

= log
(∑

n
exp(−E(v,h′n))

)
− log

(∑
m,n

exp(−E(v′m,h′n))
)
(B-3)

Now, let us apply the derivative over Θ.

∂

∂Θ
log p(v) = ∂

∂Θ
log

(∑
n

exp(−E(v,h′n))
)

− ∂

∂Θ
log

(∑
m,n

exp(−E(v′m,h′n))
) (B-4)

1https://larocheh.github.io/neural_networks/content.html
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Simplifying the first term

For easier understanding, we will work on each term separately. Starting with
the first one, we can apply the chain rule, yielding the following:

∂

∂Θ
log

(∑
n

exp(−E(v,h′n))
)

= 1∑
n exp(−E(v,h′n)) ·

∂

∂Θ

∑
n

exp(−E(v,h′n))

= 1∑
n exp(−E(v,h′n)) ·

∑
n

exp(−E(v,h′n)) ∂

∂Θ
(−E(v,h′n))

=
∑

n exp(−E(v,h′n)) ∂
∂Θ

(−E(v,h′n))∑
n exp(−E(v,h′n))

(B-5)

Now, considering that

p(h|v) = p(h,v)
p(v) = exp(−E(v,h))∑

n exp(−E(v,h′n)) (B-6)

We can replace it in the equation, giving us

∑
n exp(−E(v,h′n)) ∂

∂Θ
(−E(v,h′n))∑

n exp(−E(v,h′n)) =
∑

n
p(h′n|v) · ∂

∂Θ
(−E(v,h′n))

= −
∑

n
p(h′n|v) · ∂

∂Θ
(E(v,h′n))

(B-7)

Thus far, we have been working with the total derivative of all hyperparam-
eters. From now on, for this example, we will be concerned with the partial
derivative of a weight wij.
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−
∑

n
p(h′n|v) · ∂

∂Θ
(E(v,h′n)) =

−
∑

n
p(h′n|v) · ∂

∂wij
(E(v,h′n)) =

∑
n
p(h′n|v)vihj

(B-8)

In Appendix A, we have proved that:

p(h|v) =
∏
j

p(hj|v) (B-9)

Therefore we can use this identity and manipulate ∑n p(h′n|v) as presented
in Equation B-10 below, where nk stands for the k-th hidden node value from
the n-th possible configuration for all hidden nodes, as:

– h′ = {h′1, · · · ,h′N}

– h′n = [h′n
1 , · · · ,h′n

K ], where K = dim(h)

∑
n
p(h′n|v)vihj =

∑
n

∏
k

p(h′n
k|v)vihj (B-10)

It is very important remember that the energy function had h′n as a parameter.
Thus, although we have already solved the partial derivative ∂

∂wij
(E(v,h′n)),

hj can be interpreted as presented in Equation B-11.

hj = h′n
k, where j = k (B-11)

Now, we will use some extra manipulations that will help us to simplify
the current equation even further. First, let us expand the product that was
introduced in Equation B-10.

∑
n

∏
k

p(h′n
k|v)vihj =

∑
n

[p(h′n
1|v)× · · · × p(h′n

K |v)] vihj (B-12)

Considering that h ∈ BK , we are summing over all possible binary combina-
tions for the hidden nodes. Thus, one could expand this summation in the
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following way.

∑
n

[p(h′n
1|v)× · · · × p(h′n

K |v)] vihj

= p(h1 = 0|v)× · · · × p(hK = 0|v)vi(hj = 0)

+ p(h1 = 0|v)× · · · × p(hK = 1|v)vi(hj = 0)

+ · · ·+ p(h1 = 1|v)× · · · × p(hK = 1|v)vi(hj = 1)

(B-13)

Then, we can start excluding the h1 term as presented below:

∑
n

[p(h′n
1|v)× · · · × p(h′n

K |v)] vihj

= p(h1 = 0|v)
[
p(h2 = 0|v)× · · · × p(hK = 0|v)vi(hj = 0) + · · ·+

p(h2 = 1|v)× · · · × p(hK = 1|v)vi(hj = 1)
]

+ p(h1 = 1|v)
[
p(h2 = 0|v)× · · · × p(hK = 0|v)vi(hj = 0) + · · ·+

p(h2 = 1|v)× · · · × p(hK = 1|v)vi(hj = 1)
]

=
∑

h1∈{0,1}
p(h1|v)

[
p(h2 = 0|v)× · · · × p(hK = 0|v)(hj = 0) + · · ·+

p(h2 = 1|v)× · · · × p(hK = 1|v)(hj = 1)
]
vi

(B-14)

We can repeat this method to the other hk terms, yielding the following
equation:

[ ∑
h1∈{0,1}

p(h1|v)×
∑

h2∈{0,1}
p(h2|v)× · · · ×

∑
hj∈{0,1}

p(hj|v)hj × · · ·

×
∑

hK∈{0,1}
p(hK |v)

]
vi

(B-15)

Considering that v is given, looking at the possible values that hj can take
help us to better simplify the equation. As hj ∈ {0, 1}, if it is zero, the whole
equation is equal zero. Therefore, we are only concerned with hj = 1. Due
to this fact, we can replace the summation for hj for just the conditional
probability, as presented below.
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[ ∑
h1∈{0,1}

p(h1|v)× · · · ×
∑

hj∈{0,1}
p(hj|v)hj × · · · ×

∑
hK∈{0,1}

p(hK |v)
]
vi

=
[ ∑
h1∈{0,1}

p(h1|v)× · · · × p(hj = 1|v) · 1× · · · ×
∑

hK∈{0,1}
p(hK |v)

]
vi

=
[ ∑
h1∈{0,1}

p(h1|v)× · · · ×
∑

hK∈{0,1}
p(hK |v)

]
p(hj = 1|v)vi

(B-16)

Concluding, as we are summing over all possible values for the terms different
than hj, we can use the fact that ∑hk∈{0,1} p(hk|v) = 1 to replace the product
of sums to 1, yielding the final simplification for the first term of the partial
derivative (in Equation B-4):

∂

∂wij
log

(∑
n

exp(−E(v,h′n))
)

= p(hj = 1|v)vi (B-17)

Considering the other partial derivatives, over ai and bj, the main differences
would be at the simplification step in Equation B-16. We will briefly explain
them in the following paragraphs.

For the ai partial derivative, ∂
∂ai

(−E(v,h′n) = vi, meaning that at the end
of Equation B-16, we would not have an hj term. Therefore, we would also
consider that ∑hj∈{0,1} p(hj|v) = 1, resulting in:

∂

∂ai
log

(∑
n

exp(−E(v,h′n))
)

= vi (B-18)

Finally, for the bj gradient, ∂
∂bj

(−E(v,h′n) = hj. Therefore, we would not have
a vi term as in Equation B-17, yielding:

∂

∂bj
log

(∑
n

exp(−E(v,h′n))
)

= p(hj = 1|v) (B-19)

Simplifying the second term

Returning to Equation B-4, we can rewrite it with the first term manipulations,
considering the partial derivative over wij, as presented below.
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∂

∂wij
log p(v) = p(hj = 1|v)vi

− ∂

∂wij
log

(∑
m,n

exp(−E(v′m,h′n))
) (B-20)

Now, let us work on the second term of the equation.

∂

∂wij
log

(∑
m,n

exp(−E(v′m,h′n))
)

= − 1∑
m,n exp(−E(v′m,h′n))

∑
m,n

exp(−E(v′m,h′n)) ∂

∂wij
E(v′m,h′n)

(B-21)

From Equations 2-3 and 2-5, we know that:

p(v,h) = exp(−E(v,h)∑
m,n exp(−E(v′m,h′n) (B-22)

Therefore, one can rewrite Equation B-21 as:

−
∑

m,n exp(−E(v′m,h′n)) ∂
∂wij

E(v′m,h′n)∑
m,n exp(−E(v′m,h′n))

= −
∑
m,n

p(v′m,h′n) ∂

∂wij
E(v′m,h′n)

(B-23)

Now, we can manipulate p(v′m,h′n):
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−
∑
m,n

p(v′m,h′n) ∂

∂wij
E(v′m,h′n)

= −
∑
m,n

p(v′m)p(h′n|v′m) ∂

∂wij
E(v′m,h′n)

= −
∑
m
p(v′m)

∑
n
p(h′n|v′m) ∂

∂wij
E(v′m,h′n)

(B-24)

Then, applying the derivative for the energy function:

−
∑
m
p(v′m)

∑
n
p(h′n|v′m) ∂

∂wij
E(v′m,h′n)

=
∑
m
p(v′m)

∑
n
p(h′n|v′m)vihj

(B-25)

Notice that the inner summation is similar to Equation B-10. Therefore,
applying the same simplifications for the inner summation we get:

∑
m
p(v′m)

∑
n
p(h′n|v′m)vihj =

∑
m
p(v′m)p(hj = 1|v′m)vi (B-26)

With these steps, we have achieved the following simplification for the second
term of Equation B-4:

∂

∂wij
log

(∑
m,n

exp(−E(v′m,h′n))
)

=
∑
m
p(v′m)p(hj = 1|v′m)vi

(B-27)

Furthermore, as presented in Equations B-18 and B-19, there are some changes
when considering the gradient for the two other hyperparameters ai and bj.

Using the same arguments previously presented for the first term, we get the
following equations for each partial derivative:

∂

∂ai
log

(∑
m,n

exp(−E(v′m,h′n))
)

=
∑
m
p(v′m)vi (B-28)
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∂

∂bj
log

(∑
m,n

exp(−E(v′m,h′n))
)

=
∑
m
p(v′m)p(v′m)p(hj = 1|v′m)

(B-29)

Final simplification

Finally, we can rewrite Equation B-4 as:

∂

∂wij
log p(v) = p(hj = 1|v)vi −

∑
m
p(v′m)p(hj = 1|v′m)vi (B-30)

∂

∂ai
log p(v) = vi −

∑
m
p(v′m)vi (B-31)

∂

∂bj
log p(v) = p(hj = 1|v)−

∑
m
p(v′m)p(hj = 1|v′m) (B-32)

It is important to notice that the first term of Equation B-30 considers an
empirical distribution, i.e., it depends on the observed data v, whilst the second
considers a probabilistic distribution over the mathematical model of the RBM,
with respect to the current weights W, a and b.

Thus, previous works on RBMs usually consider the following notation for the
gradients:

∂

∂wij
log p(v) = ⟨vihj⟩data − ⟨vihj⟩model

∂

∂ai
log p(v) = ⟨vi⟩data − ⟨vi⟩model

∂

∂bj
log p(v) = ⟨hj⟩data − ⟨hj⟩model

(B-33)



C

Contrastive Divergence via Kullback-Leibler Divergence

In Chapter 2, Subsection 2.5.1, we introduce an algorithm for training RBMs
called Contrastice Divergence (CD). In order to develop this method, Hinton
presented that training an RBM is the same as minimizing the Kullback-
Leibler (KL) divergence between the RBM model and the distribution of the
dataset [16]. In this appendix we will go through the equations that lead to
the updating rule for each hyperparameter of an RBM during CD training.

From Information Theory, the KL divergence is a measure of how distant two
distributions P (x) and Q(x) are [56]. It is denoted by the following formula:

DKL(P (x)||Q(x)) =
∑
x

P (x) log P (x)
Q(x) (C-1)

Taking into account the concept of KL divergence, the goal of training an RBM
is to approximate the distribution of visible variables samples in the dataset
D (p0(v)) to the distribution of the actual RBM model prbm(v). Therefore, we
would like to minimize the following:

DKL(prbm(v)||p0(v)) =
∑
v∈D

p0(v) log prbm(v)
p0(v)

=
∑
v∈D

p0(v) log prbm(v)−
∑
v∈D

p0(v) log p0(v)

(C-2)

As we will be minimizing the KL divergence by updating the parameters in
the RBM Θ = {W, a,b}, let us take the derivative over Θ of Equation C-2.
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∂

∂Θ
DKL(prbm(v)||p0(v))

= ∂

∂Θ

( ∑
v∈D

p0(v) log prbm(v)
)
− ∂

∂Θ

( ∑
v∈D

p0(v) log p0(v)
) (C-3)

Now, as p0(v) is the distribution of the dataset, not depending on any
parameter from the RBM, the derivative of the second term in Equation C-3
over Θ is zero. Moreover, we can exclude ∑v∈D p0(v) out of the derivative for
the first term.

∂

∂Θ
DKL(prbm(v)||p0(v)) =

∑
v∈D

p0(v) ∂

∂Θ

(
log prbm(v)

)
(C-4)

At this step, we can make use of the calculations performed in Appendix B for
Section 2.5, expanding the derivative for log prbm(v), for the gradient over wij.

∂

∂wij
DKL(prbm(v)||p0(v))

=
∑
v∈D

p0(v)
(
prbm(hj = 1|v)vi −

∑
m
p(v′m)p(hj = 1|v′m)vi

) (C-5)

Now, we can make use of the expected value notation as follows:

∑
v∈D

p0(v)
(
prbm(hj = 1|v)vi −

∑
m
p(v′mp(hj = 1|v′m)vi

)

=
〈
prbm(hj = 1|v)vi

〉
p0

−
〈∑

m
p(v′m)p(hj = 1|v′m)vi

〉
p0

(C-6)

However, as the second term goes over all possible values for v, it does not
vary according to p0, making it a constant. That being said, we can remove
the expectation value notation from it.

∑
v∈D

p0(v)
(
prbm(hj = 1|v)vi −

∑
m
p(v′mp(hj = 1|v′m)vi

)

=
〈
prbm(hj = 1|v)vi

〉
p0

−
∑
m
p(v′m)p(hj = 1|v′m)vi

(C-7)
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From Section 2.5, we have seen that the second term is actually intractable,
as we are iterating over an exponential amount (2dim(v)) of possible values for
the visible vector. With that in mind, Hinton proposed a new method called
Contrastive Divergence (CD) that has a different gradient [16; 57].

Instead of the learning gradient being the derivative of the KL divergence
DKL(prbm||p0), it is the gradient for a subtraction between two KL divergences:

DKL(prbm||p0)−DKL(prbm||pk), (C-8)

where pk is the distribution of the dataset being sampled by k Gibbs Sampling
steps (see Section 2.4).

Following the same mathematical steps taken for the ∂
∂wij

DKL(prbm||p0), we
can arrive in the following gradient for this novel KL divergence:

∂

∂wij
DKL(prbm||pk) =

〈
prbm(hj = 1|vk)vki

〉
pk

−
∑
m
p(v′m)p(hj = 1|v′m)vi

(C-9)

Notice that in Equation C-9 there is a k superscript on the v and vi elements
in the first term. This means that they are visible variable values sampled from
k Gibbs Sampling steps.

Finally, we can subtract the two gradients as Hinton proposed. As the second
terms in Equations C-7 and C-9 are equal, the subtraction cancels them out,
yielding:

∂

∂wij

(
DKL(prbm||p0)−DKL(prbm||pk)

)
=
〈
prbm(hj = 1|v)vi

〉
p0

−
〈
prbm(hj = 1|vk)vki

〉
pk

(C-10)

Considering that during the learning process the hyperparameters will be
updated for each sample v, we can change them according to the following
equations, where prbm(·) = p(·) and ε is a learning rate.
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wij = wij + ε
(
p(hj = 1|v)vi − p(hj = 1|vk)vki

)
ai = ai + ε

(
vi − vki

)
bj = bj + ε

(
p(hj = 1|v)− p(hj = 1|vk

) (C-11)
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QUBO Reformulation for non-binary values

Much effort has been made to develop reformulation techniques for general
optimization problems to QUBOs, taking into account different types of
constraints, variable encodings, and objective functions with a polynomial
degree greater than two [58; 59; 60; 61; 62; 63]. It is worth mentioning that
these conversion steps often lead to more variables added to the problem and
loss of precision.

A brief variable encoding introduction

There are different variable mapping techniques that expand integer and
continuous variables into binary ones, such as the Binary, Unary and Domain
Wall [58]. Each encoding has its pros and cons, considering the number of
binary variables required and the target QUBO solver that is going to be
used.

In this appendix we will focus on the Binary Encoding technique, that was the
one used for this research project. Equations D-1 and D-2 present the integer
and continous Binary Encodings respectively.

Let I ∈ [a, b] ⊂ Z, n = ⌈log2(b− a) + 1⌉ and y ∈ Bn

I = a+ (b− a− 2n−1 + 1)yn +
n−1∑
i=1

2i−1yi
(D-1)

Given a value τ for the encoding error be less or equal to,

Let C ∈ [a, b] ⊂ R, n ≥ log2

[
1 + b− a

4τ

]
and y ∈ Bn

C = a+ b− a
2n − 1

n∑
j=1

2j−1yj

(D-2)
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For easier understanding of how these encodings work, we will expand a
variable x ∈ [0, 3], for x ∈ Z and x ∈ R.

Integer to Binary encoding

a = 0, b = 3 =⇒ n = ⌈log2(3) + 1⌉ = ⌈2.58⌉ = 3

I = 0 + (3− 23−1 + 1)y3 +
3−1∑
i=1

2i−1yi

= 0y3 + 20y1 + 2y2 = y1 + 2y2

(D-3)

As [y2, y1] ∈ B2 : [0, 0] = 0; [0, 1] = 1; [1, 0] = 2; [1, 1] = 3

Continuous to Binary encoding
Let us start with τ = 0.25

a = 0, b = 3 =⇒ n ≥ log2(4)

Using n = 2:

C = 0 + 3
3

2∑
1

2i−1yi = y1 + 2y2

(D-4)

Using τ = 0.25 we have the same representation achieved with the
integer to binary encoding, which means that using this mapping we

are not able to represent a non-integer number.
That being said, let us be more precise, with τ = 0.15

a = 0, b = 3 =⇒ n ≥ log2(1 + 3/0.6) =⇒ n ≥ 2.58

Using n = 3:

C = 0 + 3
7

3∑
1

2i−1yi = 3
7(y1 + 2y2 + 4y3)

(D-5)

Now we have the following assignments:

y C
[0,0,0] 0.0
[0,0,1] 0.43
[0,1,0] 0.86
[0,1,1] 1.29

y C
[1,0,0] 1.71
[1,0,1] 2.14
[1,1,0] 2.57
[1,1,1] 3.0

Notice that there is a trade-off between encoding precision and the
number of variables added to the model.



Appendix D. QUBO Reformulation for non-binary values 119

Thermal Dispatch to QUBO

Now we will present how these encodings work on an actual optimization
problem, using a famous example from the energy sector. For simplicity, we
will be using only integer variables and, due to the model that we are going to
manipulate, a simple constraint mapping technique will have to be performed.

Consider the formulation for a simplified Thermal Dispatch problem, presented
in Equation D-6. There are N thermal plants, each with a cost of operation per
Megawatt ( $

MW
) ci and with a maximum generation capacity Gmax

i . In order
to minimize expenses, the goal is to find how much energy each thermal plant
needs to generate in order to supply a demand D.

min
∑
t

c′g

s.t.
∑

g = D

gi ∈ [0, Gmax
i ],∀i

(D-6)

For this example, there are three thermal plants, each generating g1, g2, g3
MW, to meet a demand of 6 MW. Additionally, the cost of operation for each
plant is c1 = 1, c2 = 2 and c3 = 3 $

MW
, while the maximum generation is

Gmax
1 = 2, Gmax

2 = 3 and Gmax
3 = 5 MW. Thus, according to Equation D-6,

this problem can be expressed as follows.

min g1 + 2g2 + 3g3

s.t. g1 + g2 + g3 = 6
(D-7)

As seen in Equation D-7, this problem is comprised of a constraint and non-
binary variables which, for the sake of simplicity, are all integer (gi ∈ Z).
Therefore, before mapping this model into a QUBO, it needs to have its
variables discretized into binary ones and become unconstrained.

First, one can remove the constraint requires shifting it to the objective
function with a penalty factor ρ. Thus, one can add the following term.

ρ(g1 + g2 + g3 − 6)2 (D-8)
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Notice that if the total generation is greater or less than the actual demand,
having a large penalty factor ρ would leave the objective value far from the
desired minimum. After this step, the problem can be represented as follows.

min g1 + 2g2 + 3g3 + ρ(g1 + g2 + g3 − 6)2 (D-9)

Subsequently, the integer variables gi need to be encoded into binary ones.
Adhering to Equation D-1, they are mapped in the following way.

g1 ∈ [0, 2], n = ⌈log2(2) + 1⌉ = 2

g1 = g12 + g11
(D-10)

g2 ∈ [0, 3], n = ⌈log2(3) + 1⌉ = 3

g2 = (0)g23 + g21 + 2g22 = 2g22 + g11
(D-11)

g3 ∈ [0, 5], n = ⌈log2(5) + 1⌉ = 4

g3 = −2g34 + 4g33 + 2g32 + g31
(D-12)

Once this stage is finished, it is possible to rearrange the final equation.

min g11 + g12 + 2g21 + 4g22 + 3g31 + 6g32 + 12g33 − 6g34

+ ρ(g11 + g12 + g21 + 2g22 + g31 + 2g32 + 4g33 − 2g34 − 6)2
(D-13)

Expanding the second term
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min 4g2
34ρ− 16g33g34ρ− 8g32g34ρ− 4g31g34ρ− 8g22g34ρ− 4g21g34ρ− 4g12g34ρ

− 4g11g34ρ+ 24g34ρ+ 16g2
33ρ+ 16g32g33ρ+ 8g31g33ρ+ 16g22g33ρ+ 8g21g33ρ

+ 8g12g33ρ+ 8g11g33ρ− 48g33ρ+ 4g2
32ρ+ 4g31g32ρ+ 8g22g32ρ+ 4g21g32ρ

+ 4g12g32ρ+ 4g11g32ρ− 24g32ρ+ g2
31ρ+ 4g22g31ρ+ 2g21g31ρ+ 2g12g31ρ

+ 2g11g31ρ− 12g31ρ+ 4g2
22ρ+ 4g21g22ρ+ 4g12g22ρ+ 4g11g22ρ− 24g22ρ

+ g2
21ρ+ 2g12g21ρ+ 2g11g21ρ− 12g21ρ+ g2

12ρ+ 2g11g12ρ− 12g12ρ+ g2
11ρ

− 12g11ρ− 6g34 + 12g33 + 6g32 + 3g31 + 4g22 + 2g21 + g12 + g11 + 36ρ
(D-14)

As this reformulation has not introduced any higher-order terms, the quadra-
tization step is not required. Thus, the Q matrix from Equation 4-2 can be
constructed as follows.



g11 g12 g21 g22 g23 g31 g32 g33 g34

g11 −11ρ+ 1 2ρ 2ρ 4ρ 0 2ρ 4ρ 8ρ −4ρ
g12 2ρ −11ρ+ 1 2ρ 4ρ 0 2ρ 4ρ 8ρ −4ρ
g21 2ρ 2ρ 11ρ− 12 4ρ 0 2ρ 4ρ 8ρ −4ρ
g22 4ρ 4ρ 4ρ −20ρ+ 4 0 4ρ 8ρ 16ρ −8ρ
g23 0 0 0 0 0 0 0 0 0
g31 2ρ 2ρ 2ρ 4ρ 0 −11ρ+ 3 4ρ 8ρ −4ρ
g32 4ρ 4ρ 4ρ 8ρ 0 4ρ −20ρ+ 6 16ρ −8ρ
g33 8ρ 8ρ 8ρ 16ρ 0 8ρ 16ρ −32ρ+ 12 −16ρ
g34 −4ρ −4ρ −4ρ −8ρ 0 −4ρ −8ρ −16ρ 28ρ− 6


(D-15)
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